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Resumo

Nesta dissertação estudamos a calibração e pose de modelos genéricos de
câmaras. Os modelos genéricos de câmaras podem ser usados para represen-
tar qualquer tipo de câmara. Os métodos anteriores baseavam-se em modelos
discretos. A cada pixel na imagem é associada uma recta genérica no mundo.

Nesta dissertação, alteramos o modelo de câmaras genéricas. A versão
proposta simplifica substancialmente o modelo de câmara e a sua calibração.
O modelo proposto é obtido modificando o modelo geral de câmaras, possibil-
itando a interpolação entre ṕıxeis vizinhos (admitindo com isso um aumento
na resolução – devido à sua natureza continua) e uma representação mais
compacta. Usando o modelo de câmara apresentado, propomos um processo
de calibração que só requer um ponto 3D para cada pixel (os métodos anteri-
ores necessitam de pelo menos dois pontos 3D para cada pixel na imagem).
O método proposto também não necessita da calibração de todos os ṕıxeis
pertencentes à imagem. Por isso e comparando com o estado-da-arte, o
processo de calibração proposto é significativamente mais simples. Com base
nos resultados experimentais, conclúımos que o método dá bons resultados e é
facilmente implementado, especialmente quando comparamos com os métodos
anteriores.

Para a estimação da pose consideramos duas aproximações: soluções
mı́nimas e não mı́nimas. Os métodos anteriores para a estimação de
soluções mı́nimas eram baseados em propriedades geométricas, por exemplo
na preservação da distância entre pontos. Nesta dissertação, propomos uma
solução alternativa baseada em propriedades algébricas. Para isso, represen-
tamos a pose por uma matriz 3 ˆ 3. A pose é estimada usando a relação de
incidência entre rectas e pontos 3D e as propriedades da matriz. Comparado
com o estado-da-arte, a maior vantagem do método proposto é a sua robustez
a configurações cŕıticas.

As soluções mı́nimas são importantes especialmente devido à sua rapidez
e à forma intuitiva como representam o problema. No entanto, estas soluções
sofrem muito com o rúıdo. Com o objectivo de obter uma solução robusta,
propomos também uma solução não mı́nima para o problema da pose usando
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modelos de câmaras genéricos. Em vez de usarmos a aproximação clássica
que requer coordenadas 3D de pontos e as suas imagens como dados, nesta
dissertação desenvolvemos um método que usa coordenadas 3D de rectas e
as suas respectivas imagens. A maior vantagem do método proposto é que
não necessita da determinação do mapeamento de pontos no mundo para
pontos da imagem, o que simplifica bastante a aquisição de dados. Para
isso, propomos uma solução não iterativa (solução fechada), e uma solução
iterativa (não linear). Com base nos resultados experimentais, conclúımos
que o método dá bons resultados (especialmente o método iterativo).
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Abstract

In this dissertation we address the calibration and pose of general camera
models. Generic imaging models can be used to represent any camera. Cur-
rent generic models are discrete and define a mapping between each pixel in
the image and an unconstrained straight line in 3D space.

In this thesis, we change the generic camera model allowing the simplifica-
tion of the calibration procedure. The proposed model is obtained by modifying
the general imaging model using radial basis functions to interpolate image
coordinates and 3D lines, thereby allowing both an increase in resolution (due
to their continuous nature) and a more compact representation. Using the
proposed model, we also develop a calibration procedure that only requires that
a 3D point be matched to each pixel (previous methods required at least two
3D points for each image pixel). In addition not all the pixels need to be cal-
ibrated. As a result the complexity of the procedure is significantly decreased.
In terms of experimental results, we concluded that our method gives good
results and that it can be easily used in practice, specially when compared
with the state-of-the-art method.

For the estimation of the pose for general imaging systems, we consider
two approaches: minimal and non-minimal solutions. Previous solutions
for the minimal absolute pose problem were based on geometric properties,
such as the preservation of distance between points. In this dissertation, we
propose a new parameterization of the problem using an algebraic-based ap-
proach. We represent the pose by a 3 ˆ 3 matrix. Using both the algebraic
relationship between three incident 3D points and straight lines and the un-
derlying constraints of the pose matrix, the pose can be computed. The main
contribution of the proposed method is the robustness to critical configura-
tions.

Minimal solutions are important because of their speed, because they allow
insights and a better understanding of the problem. However, they are not
robust to noise. Thus and in addition, we address the non-minimal problem
of pose estimation for general camera models. Instead of the classic approach
where the data-set is made up by associations between known coordinates of
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3D points and their images, we propose a solution based on the knowledge of
the coordinates of 3D straight lines (expressed in the world coordinate system)
and their respective images. The use of lines simplifies the correspondence
problem when compared to the use of world and image points – this is the main
advantage of the proposed approach. In this thesis we propose a solution using
both a non-iterative analytical solution and an iterative non-linear solution.
Based on the experiments, we see that the proposed method gives good results.
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Chapter 1

Introduction

In this chapter, we introduce the framework of generalized camera model and
the motivations for the dissertation. We also describe the contributions of
the dissertation.

1.1 Motivation

In terms of geometry, a camera is a mapping between the 3D world space
and a 2D image plane. In computer vision, we consider that the 2D image
space is discrete and we call its elements pixels.

Most cameras can be modeled by a perspective projection – the pinhole
camera model [HZ00, MSKS04]. The set of pixels are mapped from 3D
straight lines in the world, that pass through a single point – usually called
the single view point.

This ideal pinhole camera model is well studied in the literature. The
mapping of 3D world points to pixels can be described by an eleven degrees
of freedom matrix – 3 ˆ 4 matrix. Due to its geometric constraints, the
calibration procedure for this models is well known and easy to implement
[Tsa86, Zha00, HZ00].

Other camera models that verify the single view point constraint – central
camera models, but do not satisfy the pinhole model have been defined, such
as the special cases of catadioptric camera models [BN99, GSB09] – which
are formed by the combination of a perspective camera and a quadric mirror.
Moreover, central camera models with non–parametric association of image
pixels to 3D straight lines (general central camera model) and their respective
calibration have also been studied [HK05, NSG05, RSLSK10].

In the last few years, cameras whose projecting rays do not satisfy the
constraint of intersecting at a single effective viewpoint started to be used,

2



3 Chapter 1. Introduction

due essentially to the large fields of view that can be obtained. These cam-
eras are called non–central and in many cases are obtained by a generic
combination of a perspective camera and a curved mirror–the non-central
catadioptric cameras [Gon08, ATR10, SGN06, MP04b]. They are used in
several applications ranging from robotics to visualization.

Many other non–central camera models have also been developed such
as linear cameras [Pon09, GH97, YM04, ZFPW03], fisheye cameras [HF09,
KB06] or camera models that include refractive elements [TSS08, KS08]. All
of these systems have, in general, models that are characterized by a small
number of parameters. Since the number of parameters is small the calibra-
tion procedures are, in general, simple. However, since they are derived using
geometric models of the cameras [SRT`11] they lack generality. To deal with
these drawbacks, some techniques were developed to calibrate special classes
of cameras such as [MP04a, TP12].

The aim of the general camera models is to represent any type of camera
– central and non-central cameras. The goal is to represent any imaging
device, without enforcing any geometric constraints to the 3D straight lines
mapped from the image pixels. As any other camera calibration, the cali-
bration within the framework of the generalized camera models consists on
the estimation the parameters that define the mapping between image pixels
and the corresponding 3D straight lines.

In most of the cameras, the pixel–line mapping varies smoothly. This
means that pixels close to each other will correspond to similar 3D straight
lines in the world. In this dissertation we investigate these constraints and
the results on the general camera models and their calibration. We define the
Smooth Camera Model and using the proposed camera model, we developed
a new and significantly easier calibration technique.

Usually image space does not change and, as a result, we can define a 3D
coordinate system for the image coordinates. On the other hand, a camera is
a mobile device and as a consequence we can not define a fixed global coordi-
nate system to represent the lines mapped into the image points. Therefore
we define a 3D reference coordinate system associated to the camera to rep-
resent the 3D lines mapped into the image pixels. As a consequence, to
estimate the coordinates of 3D entities represented in a different coordinate
system, we need to estimate a rigid transformation mapping the camera co-
ordinate system into the other reference coordinate system, which we call the
absolute pose problem. This problem can be divided into two subproblems:
minimal and non–minimal cases.

Absolute pose is important for many applications that require using the
3D entities imaged by a camera. The analysis of solutions using minimal
data is important since they allow insights and a better understanding of the
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problem. On the other hand, non–minimal solutions are used to estimate
the pose for more point correspondences than the minimal, when we need a
robust solution. The advantages of minimal solutions are in terms of com-
putation speed and their applications in the hypothesis–and–test estimation
methods such as RANSAC [FB81, Nis03].

In this dissertation, we studied both the minimal and non-minimal pose
estimation for general imaging devices. The minimal pose consists in the
estimation of the transformation between the world and camera coordinate
system, using a single image of three 3D points in the scene. For non-minimal
cases, we propose a method based on known coordinates of 3D lines in the
world coordinate system.

1.2 Contributions

The main contributions of the dissertation are described in Parts II, III and
IV:

• In Part II, we propose the smooth camera model and its calibration.
This part of the dissertation was published in the following articles
[MA10, MAQ11, MA13];

• In Part III, we study the minimal generalized pose problem. We pro-
pose a novel and robust solution for this problem;

• In Part IV, we propose a solution for the absolute pose (under the
framework of generalized camera models), using known coordinates of
3D straight lines, in the world coordinate system.



Chapter 2

State–of–the–Art Methods

In this chapter we describe the state–of–the–art methods that are related to
the subjects studied in the dissertation. In Section 2.1, we describe the previ-
ous methods for the general camera models and its calibration. In Section 2.2,
we preset the state–of–the–art solutions for the minimal absolute pose prob-
lem, under the framework of generalized camera models. To conclude, in
Section 2.3, we describe the state–of–the–art method for the non-minimal
pose problem for general camera models.

2.1 General Camera Model and its Calibra-
tion

The concept of generalized camera model was proposed by Grossberg and Na-
yar [GN01, GN05]. They defined a non-parametric discrete imaging model
that can represent any type of camera, central or non-central – the general
camera model. Differently from the usual parametric camera models, this
camera model consists in the individual mapping between pixels and rays in
3D space, Figure 2.1. To each pixel, a set of parameters called raxel is asso-
ciated – Table 2.1. The set of all raxels (representing all pixels) constitutes
the complete general camera model. A raxel is a set of parameters including
image pixel coordinates, the coordinates of the associated ray in the world
(position and direction) and radiometric parameters.

Grossberg and Nayar also propose a method for estimating the parameters
of the general camera model. Their approach requires the acquisition of,
at least, two images of a calibration object with known structure and also
requires the knowledge of the object motion between the images. Basically,
it requires two or more world points for the same image pixel.

Sturm and Ramalingam at [SR04] and Ramalingam et al. at [RSL05]

5
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Image Space

World Space

Figure 2.1: A unified camera model only assumes that an association between
image pixels and rays in the world space exists.

proposed a calibration method based on the discrete imaging model, sug-
gested by Grossberg and Nayar. However, they excluded from their model
the radiometric entities of the raxel. Their method assumes that the camera
is fully described by the coordinates of rays and the mapping between rays
and pixels.

Instead of using two images, Sturm and Ramalingam methods require
three images of the calibration object, acquired from arbitrary and unknown
viewing positions. If three points of the calibration object are seen for the
same pixel, the collinearity constraint allows the computation of the motion
between the images of the calibration object and, as a result, it allows the
estimation of the direction of the ray in 3D space.

2.2 Minimal Solutions to the Pose Problem
using General Camera Models

As described in the motivation Section 1.1, the minimal absolute pose prob-
lem consists in the estimation of the transformation between the world and
camera coordinates system, using the image of three 3D points. We consider
that the camera is calibrated using general camera models. As a result, the
image of the three 3D point will be mapped into straight lines in the world.
The pose is then given by estimating of the rotation and translation param-
eters that define the aim transformation, using the incident relation between
three world points and three 3D lines – Figure 2.2.

We do not address the relative pose problem where two or more images
of the scene are used. In general estimates based on minimal data provide
multiple solutions. In this dissertation we develop a new method for the pose
estimation using the minimal number of three 3D points.
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Pixel 3D Line Point Spread Response Fall-off

u p d σM prq σm prq Ψ prq g peq h

Table 2.1: This table represents a raxel array of parameters, according to the pa-
per [GN01, GN05]. For each image pixel (u), we have an array of parameters that
represents: a 3D line (p,d); major and minor standard deviation (σM prq ,σm prq);
elliptical orientation (Ψ prq); radiometric response (g peq); and fall-off factor (h).

This problem was studied by Nistér & Stewénius at [Nis04a, NS07], by
Chen & Chang at [CC02, CC04a] and by Ramalingam et al. at [RLS06].

The algorithm proposed by Chen and Chang at [CC02, CC04a] was the
first method to estimate the minimal three–point pose problem for general
imaging devices. The algorithm is based on the estimation of the roots of
an eighth degree polynomial equation. To get this polynomial equation, the
data-set is transformed so that lines and points verify a set of constraints. On
the new coordinate system an algorithm is used, relating the triangle defined
by distances between the three known world points and the three projection
lines.

This algorithm estimates the coordinates of the points in the camera
coordinate system. Thus and considering the pose described by a rotation
and a translation, additional steps are required. The estimation of the rigid
transformation based on the matching between the coordinates of the points
in the camera and world coordinate system is required – for instance [AHB87,
Ume91].

The approach of Ramalingam et al. at [RLS06] is similar to the one
proposed by Chen and Chang, which is based on the fact that the distances
between the world points must be preserved. Both algorithms estimate the
world points in the camera coordinate system. They claim that the three dis-
tances constraints generate an eighth degree polynomial equation. However,
unlike the algorithm proposed by Chen and Chang, they do not give a closed-
form solution for the polynomial coefficients. The main steps of both [RLS06]
and [CC02, CC04a] methods are the intersection between three axis-aligned
cylinders.

Nistér and Stewénius [Nis04a, NS07] proposed an algorithm that is also
based on the estimation of the roots of a single variable eighth degree polyno-
mial equation. This algorithm also requires the transformation of the points
and lines into world coordinates. The coefficients of the polynomial equa-
tion are obtained from the intersection between a ruled quartic surface and
a circle. One of the advantages of this algorithm is that it estimates the
rotation and translation parameters directly, which will be reflected on the
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(a)

Image Plane

(b)

Figure 2.2: Representation of the pose estimation problem, considering that we
have a calibrated generalized camera. Three 3D points are imaged through three
rays. Since the generic camera model is calibrated, the 3D ray coordinates are
known in the camera coordinate system. Pose estimation consists therefore on
the estimation of the rotation and translation that define the transformation from
the 3D world coordinate system into the camera coordinate system such that the
incidence relationship between points and lines is verified.

computational effort.

To conclude, we note that the all the state-of-the-art algorithms are based
on the determination of an eighth degree polynomial equation, as a function
of a single variable. Despite the differences between the approaches, these
algorithms require that a set of rigid transformations of the data-set be per-
formed.

As a comparison between the methods, we note that both the method
proposed by Ramalingam et al. and Chen & Chang are very intuitive and
easy to implement. On the other hand, the algorithm proposed by Nistér
and Stewénius is quite complex and very difficult to implement. However,
the last method gives the pose parameters directly, while Ramalingam et
al. and Chen & Chang algorithms estimates the world points in the camera
coordinate system. These aspects are analysed in Part III.

We also note that, so far, there was no comparison between any state-of-
the-art methods.
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2.3 Pose Estimation for General Camera
Models Using Lines

In addition to the minimal solution for the pose, in this thesis we also address
the non-minimal case – more than three 3D points and their images are
known.

The analysis of solutions using minimal data is important especially be-
cause they allow insights and a better understanding of the problem. Other
advantage is its computational speed. However, non-minimal solutions are
less sensible to noise.

A common approach for the estimation of the pose is to use a set of
correspondences between 3D points in the world coordinate system and pixels
in the image. Using the general imaging models – Section 2.1, the set of image
pixels are associated to unconstrained 3D lines in the camera coordinate
system. The pose is thus computed using the incidence relation between 3D
points and correspondent lines.

For general camera models, there are not many research effort. As far
as we know, just Chen & Chang at [CC02, CC04a] and Schweighofer &
Pinz at [SP08] addressed this problem. Chen and Chang method first esti-
mates an initial solution based on nominal data and then refine the solution
using an iterative method. On the other hand, the method proposed by
Schweighofer and Pinz computes the pose globally – iterative solutions.

State–of–the–art methods , estimate the pose using 3D points whose coor-
dinates in world reference system are known, and their corresponding pixels.
The determination of point correspondences (in this case between 3D points
and their images) is still a difficult problem and current solutions are error-
prone. In this thesis we avoid this procedure by using coordinates of 3D lines
defined in the world coordinate system, instead of 3D points.



Chapter 3

Mathematical Properties

This chapter is divided into three sections. In the first section we define the
notations used in the dissertation. In Section 3.2, we describe the mathemat-
ical background and, in Section 3.3, some mathematical results are derived.

3.1 Notations

Through the thesis, we use the following mathematical notations:

• R represents the set of real numbers. Rn and Rnˆm represent the n–
dimensional vector space of real numbers and the n ˆ m–dimensional
matrix of real numbers respectively;

• Pn represents the n–dimensional real projective space and L3 the space
of lines in 3D;

• Matrices are represented as bold capital letters (eg. A P Rnˆm, n rows
and m columns). Vectors are represented as bold small letters (eg.
a P Rn, n elements). By default, a vector is considered a column.
Small letters (eg. a) represent one dimensional elements. By default,
the jth column vector of A is specified as aj. The jth element of a
vector a is written as aj. The element of A in the line i and column
j is represented as ai,j. Regular capital letters (eg. A) indicate one
dimensional constants;

• SO p3q represents the special orthogonal group on R3. For a matrix
R P SO p3q, we have RTR “ I where I P R3ˆ3 is the identity matrix;

• We use R after a vector or matrix to denote that it is represented up
to a scale factor;

10
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• For two vectors a,b P Rn, the operator p¨q represents the inner product
of two vectors such that a ¨ b “ aTb. In a ˆ b, the operator pˆq
represents the cross product of two vectors a,b P R3;

• For a vector a P R3, the hat operator pa represents a 3 ˆ 3 matrix that
linearizes the exterior product such that pab .“ a ˆ b and

pa “

»

—–
0 ´a3 a2

a3 0 ´a1

´a2 a1 0

fi

ffifl ; (3.1)

• ||a|| represents the standard 2–norm of a vector a P Rn, ||a|| “
?
a ¨ a;

• null pAq denotes the null-space of the matrix A P Rnˆm. rank pAq
represents the dimension of the column-space and nullity pAq represents
the dimension of the null-space. It is well known from linear algebra
properties that for a matrix A P Rnˆm

rank pAq ` nullity pAq “ m. (3.2)

det pAq denotes the determinant of the matrix;

• Let U P Rmˆn, V P Rkˆl and C P Rmˆk be known and X P Rnˆl

unknown. Using the Kronecker product, we can write

UXVT “ C ñ pV b Uq vec pXq “ vec pCq (3.3)

where b is the Kronecker product of U and V, with pV b Uq P Rmkˆnl

such that

V b U
.“

»

————–

v1,1U v1,2U ¨ ¨ ¨ v1,lU

v2,1U v2,2U ¨ ¨ ¨ v2,lU
...

...
. . .

...

vk,1U vk,2U ¨ ¨ ¨ vk,lU

fi

ffiffiffiffifl
, (3.4)

and vec pXq is a nl–vector formed by stacking the columns of X;

• A vector in the n–dimensional projective space a P Pn can be rep-
resented in homogenous coordinates as ra P Rn`1, such that raR “
pa0, a1, . . . , anq. The regular coordinates coordinates a P Rn are given
by a “ pa1{a0, . . . , an{a0q.
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3.2 Background

In this section we provide a short description of the mathematical basis nec-
essary for the thesis, namely: Plucker coordinates to represent lines – Sec-
tion 3.2.1; a metric to compute distance between lines – Section 3.2.2; and
interpolation using Radial Basis Functions – Section 3.2.3.

3.2.1 Plücker Coordinates

Plücker coordinates are a special case of Grassmann coordinates [PW01,
HZ00]. A Grassmann manifold is the set of k dimensional subspaces, in
a n dimensional vector space, and it is denoted as ΛkRn [PW01]. Plücker
coordinates can be obtained as a representation of the exterior product to
four dimensional vectors x ^ w. The result of this operation lies in a six
dimensional vector space R6, that can represent lines in 3D space.

Let us consider two points in the world (x,w P P3 – represented in homo-
geneous coordinates rx, rw P R4. Using Plücker coordinates, we can represent
a 3D line, incident on both points, as

lR
.“ rx ^ rw “ pl01, l02, l03loooomoooon

d

, l23, l31, l12loooomoooon
m

q P Λ2R4 Ă R6

(3.5)

with lij “ rxi rwj ´ rxj rwi, basis eij “ ei ^ej (ei are R4 basis) and d and m are,
respectively, the direction and the moment of the line.

Although all elements of the four dimensional exterior product, Λ2R4,
belong to R6, not all elements of R6 represent lines in 3D space. It can be
shown that, Equation (3.5) is the result of a four dimensional space exterior
product (and therefore it is a line in 3D space), if and only if it belongs to
the Klein quadric which is the same as to write d ¨ m “ 0.

Plücker coordinates enable the computation of the incidence condition of
lines and points in the world. Using the direction and moment vectors, a
point p P P3 is incident on a line l P Λ2R4 if
«

pp ´I

0 pT

ff

looooomooooon
Qppq

lR “ 0 (3.6)

where I is a 3 ˆ 3 identity matrix. Note that, in this case, the point p is
represented in regular coordinates.
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3.2.2 Distance Between Lines

In this section we describe a metric to compute the distance between two
lines. We use an approach suggested in [PW01], which uses the stereographic
projection of the Klein Quadric. In the remaining of this section we briefly
describe the method.

Let us consider two non-horizontal lines represented by Plücker coordi-
nates – Section 3.2.1, g,h Ă R6, represented as

g “ pg1, g2, 1, g4, g5, g6q and h “ ph1, h2, 1, h4, h5, h6q . (3.7)

Note that, from the definition of Plücker Equation (3.5), lines can be repre-
sented up to a scale factor. For this purpose, we consider g3 “ h3 “ 1.

Using the stereographic projection of the Klein quadric – [PW01], the
lines of Equation (3.7) can be represented in Euclidean 4-space qg “
pqg1, qg2, qg3, qg4q and qh “

´
qh1,qh2,qh3,qh4

¯
such that

qg1 “ ´ g5, qg2 “ g4, qg3 “ g1 ` g5 and qg4 “ g2 ´ g4; (3.8)

qh1 “ ´ h5, qh2 “ h4, qh3 “ h1 ` h5 and qh4 “ h2 ´ h4. (3.9)

The inverse of this transformation (transformation from the Euclidean 4-
space representation to Plücker coordinates) is given by

g “ pqg3 ´ qg1, qg4 ´ qg2, 1, qg2,´qg1, qg1qg4 ´ qg2qg3q ; (3.10)

h “
´

qh3 ´ qh1,qh4 ´ qh2, 1,qh2,´qh1,qh1
qh4 ´ qh2

qh3

¯
. (3.11)

Using this formulation, the distance between lines g and h can be given
by

δ
´

qg, qh
¯2

“
4ÿ

i“1

´
qgi ´ qhi

¯2

`
´

qg1 ´ qh1

¯ ´
qg3 ´ qh3

¯
`

´
qg2 ´ qh2

¯ ´
qg4 ´ qh4

¯
.

(3.12)

3.2.3 Interpolation Using Radial Basis Functions

Suppose that we want to estimate an unknown function, f : RD ÞÑ R, from
a set of scattered data points X

.“ txiu Ă RD (with D a natural number)
and Y

.“ tyiu, where the set txi, yiu forms a training data set tyi “ f pxiqu.
Interpolation requires the computation of an interpolating function, s :
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RD ÞÑ R, that satisfies

s pxiq “ f pxiq , @i. (3.13)

Radial basis functions (RBF) [Buh03, Wen05, QSW93, SW93] can be
used to solve this problem. For a set P of training points tx1, . . . ,xP u, the
RBF interpolant function has the form

s pxq “ a0 ` aT
x x `

Pÿ

i“1

wiφ p||x ´ xi||q (3.14)

where φ : R` ÞÑ R is the radial basis function and ax P RD. a0, ax and wi

are the interpolant unknowns.

There are two types of kernel functions that can be used as the RBF
interpolant. One type of kernel functions does not have shape parameters,
like thin–plate splines, φ prq “ r2log prq, or φ prq “ r2. The other type
of kernel functions do have shape parameters, such as Gaussian functions
φ prq “ exp p´γ2r2q, and multi–quadrics with φ prq “ pγ2 ` r2q1{2 where γ is
the shape parameter.

The interpolation is obtained by means of the estimation of the unknown
parameters of the interpolant (a “ pa0, axq and w “ pw1, . . . , wP q of Equa-
tion (3.14)). The interpolating function s pxq has P`D`1 degrees of freedom
and the data sets X and Y only yield P equations. For the estimation of the
unknowns in Equation (3.14), additional constraints have to be used. Con-
sidering the function φ conditionally positive definite [Wen05], the following
equations are verified,

Př
i“1

wi “ 0 &
Př
i“1

wix
piq
1 “ ¨ ¨ ¨ “

Př
i“1

wix
piq
D “ 0 (3.15)

[Wen05] where xpjq
i is the ith element of the jth observation. The use of these

constraints allows the estimation of all unknowns.

The estimation of the unknown parameters can be obtained using the
following relation
«

Φ PT

P 0

ff

looooomooooon
Γ

«
w

a

ff

“

«
y

0

ff

(3.16)
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where P P R3ˆP is such that

P “

«
1 1 . . . 1

x1 x2 . . . xP

ff

, (3.17)

φi,j “ φ p||xi ´ xj||q and Γ P RpP`3qˆpP`3q. Furthermore, considering D “ 2,
we can see that rank pΓq “ P ` 3 implies P ě 3.

3.3 Mathematical Derivations

In this section, we derive a set of mathematical properties that will be used-
later in the dissertation. We derived the affine transformation for the space
of line coordinates, represented in Plücker coordinates – Section 3.3.1. To
conclude, we derive a very simple and elegant solution for the geometric
distance between a 3D line and a non-incident point – Section 3.3.2.

3.3.1 Affine Transformation to the Line Space

In this section we derive the affine transformation for the line space of coordi-
nates. Let us consider lines represented in Plücker coordinates – Section 3.2.1.
The line coordinates before the application of the affine transformation is de-
noted as lp1qR “

`
dp1q,mp1q

˘
and after the application of the transformation

as lp2qR “
`
dp2q,mp2q

˘
. From the definition of Pücker coordinates [PW01],

one has

dp1q “ pp1q
2 ´ pp1q

1 and mp1q “ ´pp1q
2 ˆ pp1q

1 (3.18)

for any two points pp1q
1 ,pp1q

2 P R3 (regular coordinates) that belong to the
line, before the application of the affine transformation.

Using the affine parameters tB,b, bu, a point pp2q
i after the application of

the affine transformation is given by

pp2q
i “ b´1

´
Bpp1q

i ` b
¯

(3.19)

where B P R3ˆ3 and b P R3. From the definition of Pücker coordinates –
Equation (3.18), we derive the following equations

dp2q “ b´1
´
Bpp1q

2 ` b
¯

´ b´1
´
Bpp1q

1 ` b
¯

“ b´1Bdp1q (3.20)
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and

mp2q “ ´b´1
´
Bpp1q

2 ` b
¯

ˆ b´1
´
Bpp1q

1 ` b
¯

“ ´b´2
´
Bpp1q

2 ˆ Bpp1q
1 ` b ˆ

´
B

´
pp1q
1 ´ pp1q

2

¯¯¯
.

(3.21)

From the properties of the cross product, one has
´
Bpp1q

2

¯
ˆ

´
Bpp1q

1

¯
“

det pBqB´T
´
pp1q
2 ˆ pp1q

1

¯
. Using this result and from Equation (3.18), one

obtains

mp2q “ ´b´2
`
´det pBqB´Tmp1q ´ b ˆ Bdp1q

˘
. (3.22)

Using the results derived in Equations (3.20) and (3.22), we formalize the
following Proposition.

Proposition 3.1. Considering a line lp1qR “
`
dp1q,mp1q

˘
Ă R6, represented

in Plücker coordinates, and an affine transformation tB,b, bu that verifies
Equation (3.19). The line coordinates lp2qR “

`
dp2q,mp2q

˘
Ă R6 after the

application of the affine transformation are given by

lp2q
R “

«
B 0

b´1pbB b´1det pBqB´T

ff

looooooooooooooooomooooooooooooooooon
E

lp1q. (3.23)

Note that b ‰ 0 and matrix B is a non–singular matrix. As a result,
matrix E is invertible and lp1q can be estimated such that lp1qR “ E´1lp2q.

In the case of an Euclidean transformation, one has B “ R P SO p3q,
b “ t P R3 and b “ 1. Thus, we write the following Result.

Result 3.1. Let us consider a line lp1qR “
`
dp1q,mp1q

˘
Ă R6, represented in

Plücker coordinates, and a rigid transformation tR, tu where R P SO p3q and
t P R3. The line coordinates lp2qR “

`
dp2q,mp2q

˘
Ă R6 after the application

of the transformation are given by

lp2q
R “

«
R 0

ptR R

ff

lp1q. (3.24)

We note that this particular case was derived in [Ple03, Stu05].
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3.3.2 Geometric Distance Between a 3D Line and a 3D
Point

In this subsection, we derive a geometric distance between a line in the world
l P L3 and a non-incident 3D point p P P3. Let us consider that the line
is represented in Plücker coordinates lR “ pd,mq Ă R6 , Equation (3.5) –
Section 3.2.1, where d P R3 and m P R3 represents the moment and direction
of the line respectively.

The distance between a line and a point does not change after a rigid
transformation. As a result, instead of estimating the distance in the world
coordinate system, the distance can be computed in any other coordinate
system.

Let us consider a rigid transformation defined by the translation t P
R3 and rotation R P SO p3q. From Result 3.1 – Section 3.3.1, the line
lp1qR “

`
dp1q,mp1q

˘
can be represented in the new coordinate system lp2qR “`

dp2q,mp2q
˘
, using

lp2q
R “

´
Rdp1q,Rmp1q ` ptRdp1q

¯
. (3.25)

Let us consider a generic line in the world coordinate system lp1q P L3

and a non–incident point p P P3. The coordinates of the same line can be
represented in a new coordinate system centered at p, setting t “ ´p and
R “ I, as

lp2q
R “

`
dp2q,mp2q

˘
“

`
dp1q,mp1q ´ ppdp1q

˘
. (3.26)

In this coordinate system, a plane Π
.“ lp2q Y 0, spanned by the line

and the origin of the coordinate system, can be defined. In this coordinate
system, any point q incident on the line lp2q verifies

q “ pq ¨ edp2qqloooomoooon
q´

edp2q ` pq ¨ eξqloomoon
q`

eξ (3.27)

where edp2q and eξ are the orthogonal basis for the subspace Π. The repre-
sentation of this basis is show in Figure 3.1.

Since q` is constant, vector q has the minimum norm when q´ “ 0 or
q ¨ edp2q “ 0 and, therefore, the distance between the line and the point can
be defined as δ pl,pq “ ||q||, such that q ¨ edp2q “ 0.

From the definition of moment of the line, we have mp2q “ q ˆ dp2q for
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q1

q2

q3

lp2q .
“

`
dp2q,mp2q

˘

Π
.
“ lp2q Y 0

eξ

edp2q

emp2q

Figure 3.1: In this figure we display the representation of a line lp1q in the
coordinate system centered at point p. The plane π is defined by lp2q and the
origin of the coordinate system.

any q that belong to the line, which means that

mp2q “ ||q||
ˇ̌ˇ̌
dp2q

ˇ̌ˇ̌
sin

`
Θ

`
q,dp2q

˘˘
eξ ˆ edp2q (3.28)

where Θ pq,dq is the angle between the vector q and d. Note that the
aim is to find q that verifies the constraint q ¨ edp2q “ 0, which implies
sin pΘ pq,dqq “ 1 and, as a result,

ˇ̌ˇ̌
mp2q

ˇ̌ˇ̌
“ ||q||

ˇ̌ˇ̌
dp2q

ˇ̌ˇ̌
. (3.29)

Without loss of generality, let us consider that lp1q “
`
dp1q,mp1q

˘
whereˇ̌ˇ̌

dp1q
ˇ̌ˇ̌

“ 1 which, from Equation (3.26), implies that
ˇ̌ˇ̌
dp2q

ˇ̌ˇ̌
“ 1. The

distance between a line and a point can be defined as

δ pl,pq “ ||q|| “
ˇ̌ˇ̌
mp2q

ˇ̌ˇ̌
. (3.30)

To conclude, using the Equations (3.30) and (3.26), we derive the follow-
ing Proposition

Proposition 3.2. For a line lR “ pd,mq Ă R6, represented in Plücker
coordinates, and a non-incident 3D point p P R3, the geometric distance
between l and p are given by δ pl,pq, such that

δ pl,pq “
ˇ̌ˇ̌“

´pp I
‰
lp1q

ˇ̌ˇ̌

||dp1q||
. (3.31)
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Chapter 4

Introduction

Let us consider the state–of–the–art methods of Grossberg & Nayar [GN01,
GN05] and Sturm & Ramalingam at [SR04, RSL05] – described in Section 2.1.
Both the approaches mentioned are discrete and non–parametric, using map-
ping arrays (raxels, Table 2.1) to calibrate the imaging model. Image pixels
have associated a set of parameters that are independent from their neigh-
bours.

Most of the useful camera models have, in general, a pixel–ray relation-
ships that varies smoothly along the image. That is the case of the central
perspective camera, non-central catadioptric systems with quadric mirrors,
linear cameras, fisheye cameras and of camera models that include refracting
elements.

In this thesis we change the discrete model defined by Grossberg and
Nayar (the raxel camera model) by assuming that the 3D rays associated
to the pixels vary smoothly throughout the image. We call this model the
smooth camera model. The assumption of smoothness is used as a constraint
in the definition of the camera model and therefore in the calibration method.

4.1 Our Approach

Since the estimation of the raxels for all the image pixels requires a lengthy
calibration procedure, previous authors ([GN05] and [SR04, RSL05]) have
also assumed that the relationship between neighboring pixels and neighbor-
ing 3D rays in the world varies smoothly. However, these constraints are
applied after the estimation of at least a subset of all possible image pixels.
Sturm and Ramalingam used this constraint to interpolate between a sub-
set of calibrated raxels corresponding to neighboring pixels. Grossberg and
Nayar at [GN05] defined a caustic raxel model that aimed at estimating a

20
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caustic surface from a set of raxels.
In both previous cases, it is required the estimation of the at least a subset

of all raxels. Such estimation needs that more than one 3D point be used
for each image pixel. Moreover, the use of constraints enforcing smoothness
between neighboring pixels is used post calibration to interpolate between
pixels that were not calibrated.

In the proposed approach, the assumption that the relationship between
pixels and rays varies smoothly is used directly in the model. For that pur-
pose a vector-valued function that can represent any smooth camera model is
defined. A parametric representation for the general camera model is defined
which results in:

• A decrease in the number of unknown parameters – instead of the
seven geometric parameters of the raxel for all image pixels, our method
requires only the parameters that define the vector-valued function;

• The number of parameters and image resolution becomes independent
– since we are using a function that operates in the image space, our
approach can be seen as independent from the image resolution.

Using this camera model, a new calibration procedure can be developed,
where:

• Only one world point is needed for each image point – unlike previous
methods, [GN01] and [SR04] that require at least two points in the
world, for each image point;

• The calibration procedure has lower complexity – unlike previous meth-
ods, our approach only requires to match a 3D point with an image
point used in the calibration. Moreover, all the calibration parameters
are estimated in a single step.

As in [SR04], only geometric entities of general camera model are considered.
In Figure 4.1, an example of the advantages of the use of the proposed

method in the calibration of smooth camera models is shown. The minimal
case (defined according to the theoretical conditions) is considered, where
six matchings between world and image points are known (see the proof in
Section 5.2.2). In this example all the coordinates of the image points are dif-
ferent. As we can see, the estimated 3D lines pass through the corresponding
3D points (the 3D points used in the calibration) using one-to-one mappings,
which occurs as a result of applying the constraint that neighboring pixels
must correspond to neighboring rays in the world (smoothness constraint).
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Figure 4.1: In this figure we display the result of the application of the cali-
bration method to the minimal case according to the theoretical constraints (see
Section 5.2.2). In the minimal case there are six points in the the image and their
correspondent points in the world.

The proposed calibration method can be considered a black box gen-
eral smooth camera model which is linear and leads to a simpler calibration
method.



Chapter 5

Proposed Model and
Calibration

In this chapter, we describe the proposed smooth camera model – Section 5.1
and, in Section 5.2, we formalize it. A calibration procedure is also described.

5.1 Smooth Camera Model

From the definition of General Camera Model Figure 2.1, introduced by
Grossberg and Nayar [GN01], each pixel in the image x P P2 is mapped to
a ray in 3D space l P L3. As mentioned before, the model is based on an
array of parameters called raxel and it can be used to represent central or
non–central camera model as well as smooth and non–smooth camera models.

In that formulation, a complete general camera model is represented by a
non–parametric discrete array of raxels, that contains all possible pixels in an
image. This means that the pixel–line mappings are required for all pixels,
independently of the image resolution or of the smoothness on the variation
of the parameters (corresponding to the 3D lines associated to neighboring
pixels). If we consider only the geometric entities in Grossberg and Nayar’s
model, each raxel contains at least seven parameters. Thus, for each pixel,
there are seven unknown parameters to be computed. For an image with size
N ˆ M , there are 7NM unknown parameters to be computed. We aim at
deriving a model that requires a smaller number of parameters.

Since most of the imaging devices are characterized by having a smooth
relationship between image pixels and lines in the world, we use the assump-
tion that the pixel–line mappings can be represented by a smoothly varying
vector–valued function f : P2 ÞÑ L3, that maps a point in the image plane to a
line in 3D space. We use this approach to represent the smooth camera model.

23
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This assumption significantly decreases the number of model unknowns and
also allows to filter out some error due to noise.

In most cases, a general direct projection model does not exist, since
one 3D line can be mapped into more than one point in the image plane.
As a result, a general camera model can only be defined when considering
the mapping from image coordinates to 3D lines. A recent result, however,
derived an analytical model for the forward projection of a non-central system
made up of a perspective camera and a rotationally symmetric conic mirror
[ATR10].

As previously described, a single mapping between points in the image
to points in the world is insufficient to define a raxel and as a consequence it
can not define a general camera model. The information of the direction of
the line can not be recovered. However, if we assume that the relationship
between image points and world lines varies smoothly, we are imposing new
constraints to lines. Those constraints will implicitly allow the complete
calibration of the smooth camera model using only a single point in the world
for a point in the image, as proved in the following sections. An example can
be seen in Figure 4.1.

5.2 Formalization

In this section we describe the formulation of the proposed approach to rep-
resent the smooth camera model – Section 5.2.1, and its calibration procedure
– Section 5.2.2. In Section 5.2.3, we describe the data-set normalization.

5.2.1 Vector–Valued Function

A 3D line representation has to be chosen for the output of the vector–valued
function. Lines in 3D have four degrees of freedom. However, none of the
compact four variable representations for 3D lines is complete.

Plücker coordinates (Section 3.2.1) are a complete, elegant and easy to
understand line representation. On the other hand, it has six elements to
represent four degrees of freedom. It is defined up to a scale factor and has
an orthogonal constraint associated to its elements.

Instead of using Plücker coordinates to represent 3D lines, we use a vector

made up by stacking the vectors of the direction and moment qlR “
´

qd, qm
¯
.

In other words, two independent vectors are estimated, up to the same scale
factor.

Good estimates of qd and qm yield small deviations from the orthogonal
constraint. However, it is possible to find orthogonal vectors d and m from
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their estimates using Schmidt orthogonalization [GVL96], by finding the clos-

est rotation matrix to
”

qd1 qm1 qd1 ˆ qm1
ı
, where x1 “ x{ ||x||, or by using

the algorithm proposed by Bartoli and Sturm [BS05].

There are several ways to estimate a non–injective function from a set of
scattered data. We use the RBF interpolant described in Section 3.2.3

s pxq “ a0 ` aT
x x `

Pÿ

i“1

wiφ p||x ´ ci||q (5.1)

where tciu ,x P R2. We can rewrite the previous equation, in matrix form as

s pxq “
”
φ pxq p pxq

ı «
w

a

ff

loomoon
hwa

(5.2)

where φ pxq and p pxq are row vectors, with φi pxq “ φ p||x ´ ci||q and

p pxq “
“
1 x1 x2

‰
. (5.3)

The vector–valued function output is ql P R6 where each qli is independent.
Thus, we can use six independent RBF interpolants to form the vector–valued
function s pxq such that

s pxq “
”
s1 pxq s2 pxq . . . s6 pxq

ı
, (5.4)

which, using Equation (5.2), can be rewritten as

s pxq “
”
φ pxq p pxq

ı ”
hp1q
wa hp2q

wa . . . hp6q
wa

ı

loooooooooooooomoooooooooooooon
Hwa

. (5.5)

The vector–valued function is a row vector, s pxq P R1ˆ6, which implies
ql pxqR “ sT pxq.

For a set tciu, a matrix Hwa and a certain RBF, the estimates of the
direction and moment vectors as a function of the coordinates of the image
points are given by

ql pxqT R “
”

qd pxqT qm pxqT
ı
R “

”
φ pxq p pxq

ı
Hwa. (5.6)

To conclude this section, we give the following definitions:
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• From the previous equation, it can be observed that for two different
imaging systems using the same set of points tciu, the estimation of ql
for an image point x only depends on matrix Hwa. Thus, we call Hwa

the camera matrix. On the other hand, for the same imaging system,
the values of the parameters of the camera matrix depend on the set
tciu, and that is why we call them control points. Usually, in statistics,
the set tciu is called centers. In computer vision, the word center in an
imaging system typically designates the center of the projection. As a
result, we chose to name to the set tciu as control points ;

• For a set P of control points defined a priori tciu and a camera matrix
Hwa P RpP`3qˆ6, we define the general smooth camera model model by
the vector–valued function s : R2 ÞÑ R6;

• The smooth camera model only depends on the unknown matrix Hwa,
for a set of previously defined control points. Therefore, the complete
calibration of the smooth camera model can be obtained by estimating
6P ` 18 unknown parameters, that sets up the camera matrix.

Using the proposed smooth camera model, in the next section we propose
a simple appropriate calibration procedure.

5.2.2 Linear Point–based Calibration

One disadvantage of the use of the general camera model is the difficulty of
its calibration. Grossberg & Nayar [GN01] and Sturm & Ramalingam [SR04]
define two different methods for the calibration. However in both cases, the
complete calibration is achieved when we have a raxel for all pixels of the
image. Note that the estimation of a single raxel requires at least two points
in the world for the each image pixel. Since the estimation of the raxels for
every pixel is a difficult task, interpolation methods were used to estimate all
the raxels from a subset of calibrated raxels – see Section 2.1, Table 2.1. The
goal in the calibration of a smooth camera model is to allow the calibration
of the respective model without estimating each and all the raxels while, at
same time, allowing the same resolution.

In the method described in this thesis, the calibration procedure only
requires a set of point correspondences txi ÞÑ piu, (where tpiu is the set of
world points and txiu are their corresponding points in the image plane).
This means that point correspondences that satisfy

xi ‰ xj, @i‰j, (5.7)
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can be used.
There are two sets of unknowns in the calibration procedure: the set of

control points tciu and the elements of the camera matrix Hwa. Control
points can be defined a priori, by selecting a set P of scattered image points,
that can or cannot be a subset of data points tciu Ă txiu.

In the rest of this section, we describe a linear method to estimate the
6P ` 18 parameters of the camera matrix, for a set of control points defined
a priori.

Calibration Matrix M

World points incident on lines must verify Equation (3.6). From ql pxqR “
s pxqT and Equation (3.6)

ql pxqT Q ppqT “ s pxqQ ppqT “ 0. (5.8)

Replacing s pxq from the previous equation, using Equation (5.5), we get

“
φ pxqT p pxqT

‰
loooooooooomoooooooooon

rpxq

HwaQ ppqT “ 0 (5.9)

where r pxq P R1ˆpP`3q.
Since we are considering that we know the control points tciu, the un-

knowns are the elements of camera matrix Hwa. Thus and using the Kro-
necker product – Section 3.1, we rewrite Equation (5.9) in order to isolate
the unknown camera matrix as
´
Q ppq b r pxq

¯
vec pHwaq “ 0. (5.10)

The matrix Q ppq b r pxq P R4ˆp6P`18q and vec pHwaq P Rp6P`18q.
For a set of point correspondences txi ÞÑ piu, for i “ 1, . . . , N , of the

same imaging system, the following relation must be verified
»

———————–

Q pp1q b r px1q
Q pp2q b r px2q

...

Q ppNq b r pxNq
D

fi

ffiffiffiffiffiffiffifl

looooooooooooomooooooooooooon
M

vec pHwaq “ 0. (5.11)
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We call M P Rp4N`18qˆp6P`18q the calibration matrix. The matrix D P
R18ˆp6P`18q is as

D “

»

————————–

0 ´∆1R1 ∆2R1 R1 0 0

∆1R1 0 ´∆3R1 0 R1 0

´∆2R1 ∆3R1 0 0 0 R1

0 ´∆4R2 ∆5R2 R2 0 0

∆4R2 0 ´∆6R2 0 R2 0

´∆5R2 ∆6R2 0 0 0 R2

fi

ffiffiffiffiffiffiffiffifl

(5.12)

where

R1 “
”
P1 0Pˆ3

ı
, R2 “

”
P2 0Pˆ3

ı
(5.13)

Ri P R3ˆP`3 and P1,P2 P R3ˆP are the stacking of the set tp pxiqu for
i “ 1, . . . , P , and tp pxiqu for i “ P ` 1, . . . , 2P respectively. Matrices
∆i P R3ˆ3 are random diagonal matrices. The constraints that result from

Dvec pHwaq “ 0 (5.14)

were derived from the additional constraints given from the use of condi-
tionally positive definite radial basis functions – See Section 3.2.3, Equa-
tion (3.15). For more information see Appendix A. These constraints are
specialy important for the case where the minimal number of points is given,
described later in this section.

To conclude, the calibration procedure is reduced to the estimation of the
unknown camera matrix Hwa such that

Mvec pHwaq “ 0, which means vec pHwaq P null pMq (5.15)

Computation of the Camera Matrix Hwa

From Equation (5.15), the estimate of the camera matrix must belong the
the null–space of the calibration matrix M. To ensure an unique solution,
and since vec pHwaq P R6P`18, the dimension of the null–space of M must be
nullity pMq “ 1. As a result, and since rank pMq ` nullity pMq “ 6P ` 18
[GVL96], the dimension of the column space of M must be rank pMq “
6P ` 17.

From Equation (5.6), the camera matrix can be defined up to a scale fac-
tor. Thus, assuming that nullity pMq “ 1, any element of the one dimensional
null–space of M is a solution, except for the trivial solution vec pHwaq “ 0.
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To prove that the dimension of the column space of M is rank pMq “
6P `17, we decompose Equation (5.11) into rows, by means of the Kronecker
product – Section 3.1, Equation (3.4). Since the permutation of the rows in
any matrix does not change the dimension of the column space, considering
N “ 2P , we define the following Theorem.

Theorem 5.1. For a set of constraints of the data set (described below) and
N “ 2P , it is possible to rearrange matrix M as a block of matrices similar
to Γ (Equation (3.16)). It can be proved that: matrices Γ are full-rank; and
rank pDq “ 17. To conclude, we can prove that, in general , the dimension
of the column space of M is rank pMq “ 6P ` 17.

The proof to this theorem is derived in the Appendix A.
From this result, and since rank pΓq “ P ` 3 implies P ě 3 – see Sec-

tion 3.2.3, we can conclude that the minimal configuration to ensure a unique
solution for the computation of the camera matrix corresponds to N “ 6.
An example of a calibration corresponding to the minimal case is shown in
Figure 4.1.

Relationship between Control Points, point correspondences and
radial basis function used in the calibration

In this section, we describe the constraints that must be met by txiu and
tciu to obtain rank pMq “ 6P ` 17. Two types of radial basis functions, that
can be applied to get that rank are also discussed.

Let us assume that a set of point correspondences, txi ÞÑ piu for i “
1, . . . , 2P and xi ‰ xj, @i ‰ j is available, and that it can be split into two
sub-sets such that

Kp1q .“ txiu for i “ 1, . . . , P

Kp2q .“ txiu for i “ P ` 1, . . . , 2P.
(5.16)

In [QSW93] it is shown that only control points (tciu, for i “ 1, . . . , P )
and data points (txiu, for i “ 1, . . . , 2P ) that meet the condition

d ă ϵq (5.17)

can be considered. In Equation (5.17), d “ min td1, d2u, 0 ă ϵ ď
1, d1 “ max t||xi ´ ci||u, where the set txiu belongs to the set Kp1q,
d2 “ max t||xi ´ ci||u, where the set txiu belongs to Kp2q and 2q “
minj‰i t||ci ´ cj||u.

Moreover, if we consider tciu
.“ Kp1q and if d2 ă ϵq then we can also obtain

rank pMq “ 6P`17. This solution also meets the constraint xi ‰ xj, @i ‰ j.
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Quak et al. [QSW93] proved that φ1 prq “ pγ2
1 ` r2q1{2 and φ2 prq “

exp p´γ2r
2q are good choices for radial basis functions, since an adequate

choice for the shape parameters γ1 or γ2 can decrease the negative effects of
q and ϵ – in Equation (5.17).

5.2.3 Data Normalization

One of the issues in the method proposed in the previous section is related
to the shape parameters of the RBF. The choice of their values depends
on the distribution of the set of image points txiu. To avoid this problem,
a data normalization procedure for both image and world coordinates was
developed. We consider non–isotropic normalization [Har97] for both image
and world points, such that

• the centroid is at the origin;

• the principal moments are equal to unity.

If on one hand, normalization of the image space coordinates is easy to
implement, on the other hand, normalization of the coordinates of the set
of world points tpiu will have additional implications. The normalization of
the coordinates of the world points, tpiu, in the calibration procedure will
imply a change on the parameters of the smooth camera model. To account
for this change, the inverse of this transformation has to be applied to the
parameters of the smooth camera model that were estimated.

In the rest of the section describe how we normalize the set of image and
world points. To conclude the section, we describe the complete calibration
algorithm for the proposed smooth camera model.

Scaling the Coordinates of the Set of Image Points

For the normalization of the image space, an affine transformation

ui “ a´1 pAxi ` aq (5.18)

is considered, where A P R2ˆ2 is upper triangular, and a P R2.
To obtain the normalization parameters tA, a, au, an affine transforma-

tion based on Choleski factorization is used [Har97, GVL96]. Let us consider
the homogeneous representation of the image coordinates x as rx. Since ma-

trix
Nř
i“1

rxirxT
i is symmetric and positive definite, using the Choleski factoriza-
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tion one can define

Nÿ

i“1

rxirxT
i “ NKKT , (5.19)

here K P R3ˆ3 is an upper triangular matrix. Developing this equation, we
get

Nÿ

i“1

K´1rxirxT
i K

´T “ NI. (5.20)

As a result and using rui “ K´1rxi, one obtains
Nř
i“1

ruiruT
i “ NI which means

that the set tuiu has its centroid at the origin of the coordinate systems and
the two principal moments of the set of points are equal to one.

Since K is upper triangular, K´1 is also upper triangular. As a result,
the affine parameters tA, a, au can be defined such that

K´1 “

«
A a

0 a

ff

. (5.21)

Scaling the Coordinates of the Set of World Points

To apply the normalization to the coordinates of the points in world space,
a similar method to the one applyed to the image space is considered. The
coordinates of the set of world points tpiu are changed into tqiu such that

qi “ b´1 pBpi ` bq and K´1 “

«
B b

0 b

ff

. (5.22)

However, in this case, K´1 P R4ˆ4 is an upper triangular matrix (for points
in 3D space). B P R3ˆ3 is upper triangular and b P R3.

Note that this normalization has consequences: it will change the coordi-
nates of the line space. The output of function s are the coordinates of the
3D lines. Therefore one has to account for this change of coordinates. The
line coordinates which are the output of function s have to be changed into
the original coordinate frame.

Using the affine transformation defined in Proposition 3.1, we define an
affine transformation in line space as

lp2q
R “ Elp1q, (5.23)
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Algorithm 5.1 Calibration of Smooth Camera Models Using Normalized
Data.

1. Normalization: Compute the affine transformations parameters tA,a, au
and tB,b, bu from Equations (5.21) and (5.22) respectively. Using the re-
spective affine parameters, compute the normalized image coordinates tuiu
and tqiu from txiu and tpiu respectively. Using the affine transformation,
get the matrix E, using Proposition 3.1;

2. Calibration Matrix: Compute the calibration matrix M using Equa-
tion (5.11). Note that instead of txiu and tpiu, tuiu and tqiu should be
used, respectively;

3. Get Camera Matrix: Get vec pHwaq which minimizes Mvec pHwaq – us-
ing the Singular Value Decomposition [HZ00], and un-stack vector vec pHwaq
to matrix Hwa;

4. Camera Model: The camera model with normalization is defined by a
function s : R2 ÞÑ R6 where qlR “ s pxq, such that

s pxq “ r
´
a´1 pAx ` aq

¯
HwaE

´T (5.24)

where r : R2 ÞÑ Rpp`3q is defined in Equation (5.9). Note that the coordinate
system where line coordinates ql pxq are represented is the same coordinate
system where the original set of point in the world tpiu is represented.

where E Ă R6ˆ6. Note that rank pEq “ 6, which mens that E is invertible
and as a resul lp1q can be estimated such that lp1qR “ E´1lp2q.

Camera Model and Calibration with Normalization

To conclude the section we decompose the algorithm for the calibration of
smooth camera model in four steps. Procedure is shown in the Algorithm 5.1.



Chapter 6

Experiments

To evaluate the proposed smooth camera model and its calibration procedure,
the use of both synthetic – Section 6.1, and real data – Section 6.2.

6.1 Results with Synthetic Data Sets

In this section, synthetic data sets were generated. Using known camera
models, 3D lines are generated, which are mapped from image points. The
data set made up by pairings between 3D points and image points is obtained
from the first data set (containing coordinates of 3D lines) by computing 3D
points incident on the lines. The camera models used in the evaluation were:
catadioptric system with quadric mirror, Figure 6.1(a); crossed–slits camera
model, Figure 6.1(d); and refraction camera model, made up of a camera
looking through a volume of water contained between two parallel planes,
Figure 6.1(g).

Since the mappings between points in the image and 3D lines are known,
the calibration results can be evaluated by the estimates of the distance
errors in line space (distances between lines). Note that the camera model is
represented by a mapping between points in the image and 3D lines.

6.1.1 Evaluation Results Using Smooth Camera Mod-
els

Synthetic data sets were used to evaluate the effect of the number of control
points on the error defined as a distance between ground truth 3D lines and
estimated 3D lines. As radial basis functions multi–quadrics and exponential
were used.

33
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Figure 6.1: Evaluation of the average line distance error, Equation (3.12) –
Section 3.2.2, as a function of the number of control points, for non–central cata-
dioptric systems with a quadric mirror, for a crossed–slits camera model and for a
model including refraction (a camera looking through a volume of water contained
between two parallel planes) (a), (d) and (g) respectively. For each camera model
we evaluate the distance error defined in Equation (3.12), for gaussian and multi–
quadrics radial basis functions and the errors are shown in Figures (b)-(c), (e)-(f)
and (h)-(i) respectively.

The synthetic data sets were obtained for the following smooth cam-
era models f : P2 ÞÑ L3: non–central catadioptric systems using quadric
mirrors [Gon08], crossed-slits camera model [ZFPW03] and refraction-based
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camera model [TSS08, KS08].

The calibration method estimates an interpolant function s : R2 ÞÑ R6

that should fit an imaging model, defined by a function f : P2 ÞÑ L3, where
f is an analytic representation of the corresponding imaging model.

f is used to generate a data set of txi ÞÑ piu, for i “ 1, . . . , N and P
control points are selected from the set txiu, with the conditions described
in Section 5.2.2 being met.

Using f , a ground truth data set is generated tyi ÞÑ liu, where yi are
the ground truth image coordinates and li are the ground truth 3D line
coordinates.

The sets txi ÞÑ piu and tciu are used to calibrate the camera model, Algo-

rithm 5.1. Using the interpolant functions s, the set
!
yi ÞÑ qli

)
is estimated,

where qli “ s pyiq. To evaluate the calibration method the distances between
qli and li are used. To characterize the error the average of the distances is
computed. The metric used for the computation of the distance between two

lines δ
´
li,qli

¯
is briefly described in Section 3.2.2 – see Equation (3.12).

The results are evaluated by varying the number of control points, P , from
10 to 100. For each number of control points, the calibration is evaluated
using the ground truth data set tyi ÞÑ liu for i “ 1, . . . , 120. For each set
of control points, the calibration is repeated 150 times for different values of
txiu, tyiu and tpiu, tliu, respectively. The average of the distance errors is
computed for each number of control points.

The calibration results are dependent on the value of the shape parameter
in the case of either multi–quadric or gaussian radial basis functions. By
normalizing the data coordinates as described in Section 5.2.3, the value of
the shape parameter is no longer dependent on the image size and also on
the spatial distribution of the image points.

For a fixed value of the shape parameter, the error as a function of the
spatial distribution of the set txiu was evaluated. For that purpose and for

each set txiu and tyiu,
!
xpjq
i

)
and

!
ypjq
i

)
were computed with

xpjq
i “ xiσj @i (6.1)

for j “ 1, 2, 3 with σ1 “ 1.25, σ2 “ 1.75 and σ3 “ 2.5. The results are
shown in Figure 6.1. Note that by using normalized coordinates the error
variation does not depend on the image size. Therefore the distance error
can be represented by a single curve.
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Figure 6.2: In this figure we show results of tests performed with the three previ-
ously mentioned camera models, Figure 6.1, with noise added. We set the number
of control points to 60 and vary the variance of the noise added to the coordinates
of the 3D points used in the calibration procedure. The standard deviation of the
noise is proportional to the smallest distance among all the world points of the
calibration data set. (a) is the distance error in the line space for gaussian RBF
and (b) for multi–quadrics. To eliminate some errors, we can use more points
than the ones needed for the minimal solution. We consider the noise such that
α “ 0.10 – Equation (6.2); and we vary the β, where N “ βP . The results are
shown in Figures (c) and (d) for gaussian and multi–quadrics respectively.

Results with Noise Added

The same evaluation procedure was repeated by adding Gaussian noise tµiu
to the 3D coordinates of the points used in the calibration procedure tpiu.
For that purpose the standard deviation of the norm of the noise vector was
defined as

std p||µi||q “ αe (6.2)
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Figure 6.3: This figure shows results for a non–smooth camera model syntheti-
cally generated, and made up by combining four images obtained from four differ-
ent perspective cameras as shown in (a). In figure (b) errors corresponding to the
distances between the 3D lines are shown.

where e “ min p||pi ´ pj||q for all i ‰ j. Instead of using the set txi ÞÑ piu
to calibrate, the set txi ÞÑ qpiu, where qpi “ pi ` µi for all i, was used.

The errors are evaluated in line space (Equation (3.12)) for the three pre-
viously mentioned camera models, with values for α from zero to 0.20. Cal-
ibration was performed using normalized coordinates (Algorithm 5.1) with
P “ 60. Results are shown in Figure 6.2(a) and 6.2(b) for gaussian and
multi–quadrics RBF, respectively.

Note that in the previous experiments, N “ 2P was used, for P equal to
the number of control points. On the other hand if N “ βP for β ą 2, then
matrix M can become full–column rank and, as a consequence, there will be
no exact solution for Hwa. However, an estimate for vec pHwaq can still be
obtained, in the least–squares sense [HZ00].

The errors for β from 2 to 50 were also evaluated (measured as the dis-
tances between the 3D lines corresponding to the ground truth and the es-
timated 3D lines). For that purpose, P “ 60 was used, and Gaussian noise
with α “ 0.10, Equation (6.2) was added.

The results are shown in Figure 6.2(c) and 6.2(d) for gaussian and multi–
quadrics RBF, respectively.

6.1.2 Results Using Non–Smooth Camera Models

The approach described in this thesis is based on the assumption that the
camera model is smooth. Therefore this method can not be applied to non-
smooth camera models – where line positions and orientations do not change
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smoothly. However, and even for some of those camera models, the approach
can still be applied, provided that errors at the discontinuities can be ac-
cepted.

As an example the calibration procedure was applied to a non–central
camera model obtained by combining images acquired by four different per-
spective cameras, with different poses (Figure 6.3(a)). The errors in 3D line
space (Equation (3.12)), displayed as a function of the image coordinates
are shown in Figure 6.3(b). These results were obtained for P “ 250 and
multi–quadrics RBF. The errors are small over most of the global image with
the exception of the boundaries between the individual images.

One of the of the main issues in the estimation of the lines close to the
boundaries is the contribution of the neighboring points belonging to other
clusters. As a result, if the clusters are known, contributions from pixels
belonging to different clusters can be suppressed. The set of radial basis
functions that constitutes the interpolant function (φ p||x ´ ci||q for all i at
Equation (5.1)) can be assigned to each cluster and a new radial basis function
can be defined such that

qφ pp||x ´ ci||q “

#
0, for x out of the cluster j

φj p||x ´ ci||q , for x inside the cluster j
. (6.3)

The association of functions φ p||x ´ ci||q to cluster j can be performed by
choosing the control points ci so that they belong to the same cluster j.

To obtain improved results, the image model we can re-calibrated using
the specific radial basis functions corresponding to each cluster. txiu also
have to be associated to a cluster. Note that we still have a single function
to represent the all image model; however, this function is not continuous
any more.

6.1.3 Experimental Results Using 3D Data from a Sin-
gle Surface

In this section we present the results of a new calibration experiment where
the 3D points data used for the calibration belong to a single surface. Syn-
thetic data was obtained from a non-central catadioptric system made up
by a quadric mirror (Figure 6.1(a)). The catadioptric system was used to
generate the data for the calibration, where it was assumed that the corre-
spondences between the world points and their images were known.

We consider three cases: world points on a spherical surface – Fig-
ures 6.4(a)-(c); world points on a “step”, two non-overlapping planes – Fig-
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Figure 6.4: For 3D calibration points on a spherical surface, Figure (a), displays
the image points (black squares) and control points (red dots) used in the cali-
bration process. Their correspondent world points are shown in Figure (b) (black
dots). Figure (c) shows the results, where the ground–truth lines are shown in
black and the estimated lines in red. The same experiments were performed with
the calibration points belonging to a ”step” surface and the results are presented
in Figures (d) (e) and (f). In both cases we use 40 control points and 360 data
points.

ures 6.4(d)-(f) (note that in all the case the rays of the image model do not
pass through both planes i.e., each ray is associated to a single 3D point);
and the case where all the world points belong to a cylinder surface – Fig-
ures 6.5(a)-(d). Note that, according to the theoretical conditions described
in Appendix A, the 3D points can not belong to a single plane or to a single
3D line. In these cases, the null space of the calibration matrix M has always
dimension greater than one.

For all the cases, we use the a non-minimal solution, with 40 control
points and 360 data points. The camera matrix is given in the least-squares
sense [HZ00]. From the experiments, lines are estimated with small error.
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Figure 6.5: This figure shows the calibration of a catadioptric camera model,
where the 3D points used in the calibration belong to a cylindrical surface. Fig-
ure (a), displays the image points (black dots) and control points (red dots) used
in the calibration process. Their correspondent world points are shown in Fig-
ures (b) and (c) (black dots). Figure (d) shows the results, where the ground–truth
lines are shown in black and the estimated lines in red. We use 40 control points
and 360 data points.

6.2 Results with Data sets of Real Images

For experiments with real data sets, three different types of imaging systems
were calibrated, using the model described in this article and point-based
calibration – Algorithm 5.1. A perspective camera and two different cata-
dioptric systems were used, which images are shown in Figures 6.6(a), 6.6(d)
and 6.6(g) respectively. Note that the catadioptric camera model with two
planar mirrors is a non–smooth camera model.

To acquire the point correspondences txi ÞÑ piu, which is the data neces-
sary for the calibration method, a chess board was used. Infrared (IR) LEDs
were attached to the chess board and their positions in the world were mea-
sured using an IR tracker [Nor09]. This tracker has an accuracy of 0.1rmms
and a resolution of 0.01rmms.

Each corner of the chess board image xi is associated to a position in
the world pi, which is given by its corresponding position in the 3D chess
board. The set of associations txi ÞÑ piu, for i “ 1, . . . , 3840, was used in
the calibration procedure. An example of the images that we used to get the
calibration data is shown in Figure 6.7.

The set of image points txiu are the yellow points in Figures 6.6(b),
6.6(e) and 6.6(h). The set of world points tpiu are the yellow points in
Figures 6.6(c), 6.6(f) and 6.6(i). Control points tciu are chosen as a subset
of txiu. They are shown as green points, in Figures 6.6(b), 6.6(e) and 6.6(h).

Using txi ÞÑ piu, the interpolant function s is estimated, using the pro-
posed algorithm – Algorithm 5.1. Since in the real experiments we have
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Figure 6.6: Results with real images, obtained using the method described for
three types of camera models: perspective camera (a), catadioptric system with
spherical mirror (d) and catadioptric system with two planar mirrors (g). Yellow
points in (b), (e) and (h) are the set of image coordinates txiu and yellow points
in (c), (f) and (i) are the corresponding set of world points tpiu, used in the
calibration method. Red squares in the 2D plot and the red rays in the 3D plot are

the a subset of
!
yi ÞÑ qli

)
obtained with multi–quadrics RBF. Green points in (b),

(e) and (h), are the corresponding set of control points used in the calibration.

N ą 2P , the solution will be obtained solving an over–determined system of
equations. The camera matrix is estimated as least–squares solution for the
homogeneous equations [HZ00].

To evaluate the calibration, a different set of 3D coordinates, correspond-
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Figure 6.7: In this figure we show five examples of images taken from the chess
board used to get the calibration data sets. The first row of images corresponds to
the perpective camera; the second row corresponds to the non-central catadioptric
camera that uses a spherical mirror; and the last row corresponds to the non-central
camera formed by two planar mirrors.

ing to a different object were used. The IR tracker has a ”test object” (also
with LEDs) which is provided to enable the estimation of 3D coordinates of
points. This different object was used to generate a new data set tyi ÞÑ wiu,
for i “ 1, . . . , 700, where yi are image points and wi are world points. This
new data set was used to evaluate the calibration performed with the former
data set.

The distance error is defined by the geometric distance from the world
point wi to the line estimated qli, where qli “ s pyiq. A subset of tyiu and the

corresponding lines
!
qli

)
are shown as red squares, in Figures 6.6(b), 6.6(e)

and 6.6(h), and as red lines in Figure 6.6(c), 6.6(f) and 6.6(i), respectively.
In Section 3.3.2, we derived the geometric distance between a line (in Plücker

coordinates) and a point in the world as δ
´
qli,wi

¯
– see Proposition 3.2.

The number of control points used in the calibration were 30, 35 and
40, for the imaging systems of Figures 6.6(a), 6.6(d) and 6.6(g) respectively.
The results for the means and standad deviations, when using gaussians and
multi-quadrics, are shown in Table 6.1.
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RBF Gaussian rcms Multi–quadrics rcms
Projective 0.93058 ˘ 1.9783 0.54711 ˘ 0.43567

Sphere mirror 2.8743 ˘ 2.1074 1.8863 ˘ 1.2379
Plane mirrors 0.91795 ˘ 1.0608 0.99492 ˘ 0.78778

Table 6.1: Results for the experiments, using the IR tracker [Nor09].

6.3 Using a Calibrated Perspective Camera
to Acquire a Data-set with Real Data

To further evaluate the calibration method, additional data-sets of real data
were acquired.

Consider an object or scene whose images are acquired by two perspective
cameras. One of the cameras is looking directly at the object/scene, whereas
the second camera acquires images of the object by viewing it through a
glass tank filled with water – see the scheme in Figure 6.8(a). The goal is to
calibrate the second imaging system, i.e., including the effect of viewing the
object through the glass tank filled with water. An example of the image
acquired by this system is shown in Figure 6.8(b).

In addition, we consider the same technique to calibrate a catadioptric
camera formed with a perspective camera and a spherical mirror – Fig-
ure 6.8(d). An example of a image acquired by the catadioptric camera
is shown in Figure 6.8(e).

A chess board is used to calibrate both systems. Several images of the
chess board were acquired, with the chess board in different positions and
orientations. A set of examples of matched images used for the calibration
of both imaging systems is shown in Figure 6.9. The direct images of the
chess board, i.e., acquired by the camera that views the scene directly (not
through the glass tank nor through the mirror) were used to estimate the
coordinates of the planes in the world coordinate system. For that purpose
the Bouguet calibration toolbox was used [Bou10].

Eighteen different images of the chess board in different positions and
orientations were used. In each chess board image there were of 160 points
whose coordinates could be used (these points are located at the intersection
of the edges). The 3D points are displayed in Figures 6.8(c) and Figures 6.8(f)
as yellow and blue dots. The coordinates of the points on the chess board are

used as world points forming the set
!
ppjq
i

)
where ppjq

i are the coordinates

of the ith point of the jth chess position in the world.
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Figure 6.8: In Figure (a), we display the set-up used to acquire the images of
the data set for the case where the goal is to calibrate the camera model that views
a scene through a water-filled glass tank. In Figure (d), we show the perspective
camera and the spherical mirror that form the non-central catadioptric camera.
Examples of images acquired by both non-central imaging system are shown in
Figures (b) and (e). A planar chess board was used. The data set is made up by
the coordinates of the images of the points corresponding to the intersections of
the chess board edges (seen through the tank). Examples of the calibration results
are shown in Figures (c) and (f). In yellow we show all the 3D points used in
the calibration procedure. In blue we show the ground truth 3D points on which
the estimated lines must be incident. The blue 3D points correspond to the chess
board edges of the images Figures (b) and (e) respectively. The estimated lines
(according to the method proposed in the thesis) are shown in red. The units in
both Figures (c) and (c) are millimeters.

Since these points are also are visible in the image acquired through the
water-filled glass tank / mirror, the images of the points on of each chess-

board images
!
xpjq
i

)
(where xpjq

i is the ith point coordinate of the jth image

of the jth chess board position) are associated with the corresponding world

coordinates
!
ppjq
i

)
, forming the set of mappings

!
xpjq
i ÞÑ ppjq

i

)
.

To test the calibration method the following procedure was followed: for
each specific chess board position and orientation j, all the data from all other
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(a) The first row corresponds to the images taken from the rafraction camera. In the
second row we shows the correspondent images, acquired from the perspective camera that
sees the scene directly.

(b) The first row shows the images acquired from the catadioptric camera. The second
row shows the correspondent images taken directly from the scene.

Figure 6.9: In this figure we show a set of examples of images that we used to
generate the data set. In Figure (a) we show the case where the goal is to calibrate
a refraction camera. In Figure (b) we show images used for the catadioptric case.

chess boards at different positions and orientations were used as calibration
data set. The coordinates of the points of the jth chess board position were
used as as ground truth. Therefore the coordinates of the points of the jth

chess board position were used as ground truth data set tyi ÞÑ wiu (160
mappings between image and world points) and the coordinates of the other
points of the other chess board positions were used as calibration data–set
txi ÞÑ piu (2720 mappings between image and world points). For each yi,
the distances between the estimated lines qli and the corresponding points in

the world wi are estimated δ
´
qli,wi

¯
, using Proposition 3.2.

This procedure is repeated for all the jth chess board positions and the
means and standard deviation of the distance errors are computed, for both
gaussian and multi-quadrics RBFs. The number of control points used was
10. The results are shown in the Table 6.2.
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RBF Gaussian rcms Multi–quadrics rcms
Refraction Water 0.313 ˘ 0.545 0.111 ˘ 0.075

Sphere Mirror 0.936 ˘ 2.477 0.289 ˘ 0.207

Table 6.2: Results for the experiments, using the Perspective Camera to Acquire
a Data-set with Real Data.

Examples of the estimated lines, using the proposed method (for a specific
plane position) are shown in Figures 6.8(c) and 6.8(f) as red lines, for the
refraction based and reflection based imaging systems respectively.

6.3.1 Removing Distortion: Results for a Spherical
Catadioptric System

In general, undistorted views cannot be computed from images acquired by a
general non-central camera models (without any additional constraint). As
described by Swaminathan et al. at [SGN03], obtaining undistorted im-
ages from general non-central systems requires the knowledge of the scene
structure. On the other hand, in the case of central camera models (and of
special non-central systems), the undistorted image is given by the camera
model. The image model proposed in the thesis can be applied to both cen-
tral and general non–central camera models. Swaminathan et al. proposed
two approaches to obtain undistorted images from a general non-central cata-
dioptric system. Also two metrics to measure distortion are presented. Both
approaches are based on an estimate of an approximation of the scene struc-
ture, which is obtained using a so-called “global view map”. As a result
views with minimal distortions can be obtained. However these views are
always affected by caustic distortions since the removal of these distortions
require the knowledge of the scene structure.

We have performed a new experiment using a non-central catadioptric
system made up by a spherical mirror. As was pointed out by Swaminathan et
al. , if we know the scene structure we can get undistorted images. Using the
approach proposed in that paper (and the knowledge of the scene structure)
we performed a new experiment to estimate undistorted images from the
non-central catadioptric camera using a spherical mirror.

We use the same calibration procedure described in Section 6.3. We know
position of the seventeen checkerboards and use sixteen of these checkerboard
positions to calibrate the image model. We then obtained the undistorted
image of the 17th plane. Using the knowledge of the position of the plane not
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(a) (b) (c)

(d) (e) (f)

Figure 6.10: In this experiment we show two examples of results obtaining an
undistorted image from a non–central catadioptric camera, using the knowledge of
the scene structure (in this case a plane). Figures (a) and (d) show the original
images. Figures (b) and (e) show the images of the same plane after removal of
the distortion. In addition, we show the disparities between estimated and ground–
truth image pixels of the corners of the checkerboard (Figures (c)) and (f))

used in the calibration, and its image, the undistorted image was computed.

Using a virtual perspective camera (located at p0, 0, 0q), we generated the
undistorted image. The image is obtained by projectig the points in the world
that result from the intersection between the estimated rays and the known
plane coordinates. The results for two examples are presented in Figure 6.10.
As it can be seen from the pairs of images Figures 6.10(a) and 6.10(d)
and Figures 6.10(b) and 6.10(e) the curved lines in the distorted image are
mapped into straight lines in the undistorted image.

In addition and since we know the coordinates of the checkerboard in the
world, we can project the corners onto the virtual image (which will define
the ground truth) and compute the disparity between these image points
and the correspondent image points of the estimated undistorted image. The
results are shown in Figures 6.10(c) and Figures 6.10(f) for plane positions
that correspond to Figures 6.10(a) and 6.10(d) respectively. The means and
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standad deviations for the disparities are 1.8 ˘ 1.2 and 1.5 ˘ 0.9 pixels for
the cases of Figures 6.10(c) and Figures 6.10(f) respectively.



Chapter 7

Discussion

The experiments and results with synthetic data were specially relevant for
the goals of this paper. They were particularly important to evaluate the
effect of the number of control points as well as to evaluate the sensitivity of
the method to the noise, by means of a fully specified data set.

Considering the experimental results obtained without noise Figure 6.1,
those obtained using gaussian RBF are slightly better than those obtained
using multi–quadrics. However, multi–quadrics RBF tend to be less sensitive
to the image scale variation. The experimental results also show that the
inclusion of the coordinate normalization procedure tends to consistently
yield better results, as expected. When noise is added to the synthetic data,
and as expected, the use the least-squares estimates yields better results than
the ones obtained applying the theoretical condition N “ 2P .

In some cases the calibration is affected with errors that go up to 60
units. These are extreme cases and we discuss the reasons why they occur.
In one case (Figure 6.1) these errors correspond to results obtained with a
very small number of control points 10. Note that this number of control
points is small for the specific camera model (for other systems it might be
adequate). Therefore in that case the reason for the error value is the small
number of control points. In the case of Figure 6.2 these values are obtained
for levels of noise with standard deviations which go up to 20 units. These
are presented to show the performance of the model in very special (and
unrealistic) conditions.

Experiments with synthetic data also show that this method can be ap-
plied to the calibration of non–smooth camera models if the discontinuities
on the data are limited.

To conclude the synthetic experiments, we perform an experiment where
(with the appropriate choices for the interpolant paramenters) we can
calibrate a camera model using world points in a single surface, Fig-

49
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ures 6.4 and 6.5. These experiments show that the method can be used
without explicitly accounting for the collinearity constraints.

Experimental results with real data–sets were also performed to evaluate
the behavior of the method under real conditions. The results shown in
Figures 6.6 and 6.8 show the expected behavior of the 3D line estimates
obtained under the assumption of a smooth camera model.

In addition, we also show distortion correction results for a non–central
catadioptric camera, using the proposed camera model.
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Chapter 8

Introduction

In this part we address the minimal absolute pose problem. This problem
consists in the estimation of the rotation and translation parameters that de-
fine the rigid transformation between three 3D points in the world coordinate
system and three incident straight lines in the camera coordinate system. To
handle any type of camera – central and non-central cameras, we consider
the general camera model, Section 2.1.

To distinguish betweeen features in the world and camera coordinate
systems, we use the superscripts pWq and pCq respectively.

The usual approach to solve this problem is to estimate the 3D points,
in the camera coordinate system. Let us consider that the line is given by
a point xpCq

i and a direction dpCq
i , in the camera coordinate system. In this

representation, any point ppCq
i that belongs to the line is given by

ppCq “ xpCq
i ` αid

pCq
i , for some αi P R. (8.1)

Since the distance between 3D points must be preserved, we can define the
constraints
ˇ̌
ˇ
ˇ̌
ˇppCq

i ´ ppCq
j

ˇ̌
ˇ
ˇ̌
ˇ “

ˇ̌
ˇ
ˇ̌
ˇppWq

i ´ ppWq
j

ˇ̌
ˇ
ˇ̌
ˇ . (8.2)

The minimal case consists in the use of three points in the world coordinate
system – ppWq

i , for i “ 1, 2, 3. Using these points and from Equation (8.2),

we generate three constraints. Since the distances
ˇ̌
ˇ
ˇ̌
ˇppWq

i ´ ppWq
j

ˇ̌
ˇ
ˇ̌
ˇ are known

and replacing ppCq
i in Equation (8.2) using the Equation (8.1), we derive three

constraints gi,j pαi,αjq “ 0 as

gi,j pαi,αjq “ κ
pi,jq
1 α2

i ` κ
pi,jq
2 α2

j ` κ
pi,jq
3 αiαj ` κ

pi,jq
4 αi ` κ

pi,jq
5 αj ` κ

pi,jq
6 . (8.3)
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The estimation of the dephs α1, α2 and α3 is computed using

g1,2 pα1,α2q “ g1,3 pα1,α3q “ g2,3 pα2,α3q “ 0 (8.4)

which correspond to finding the points where three axis–aligned cilinders
intersect. This formulation was proposed by both Chen & Chang [CC02,
CC04a] and Ramalingam et al. at [RLS06]. In both articles the authors
claim that, from the three constraints, it is possible to derive an eighth
degree polynomial equation. Moreover, Chen and Chang proposed a set of
transformations of the data set which will make the computation of the eight
degree polynomial coefficients easier.

Since pose is given by the rotation and translation parameters that define
the transformation between the world and camera coordinates, the compu-
tation the rotation and translation from two 3D points sets is required. If
we use the convencional methods such as [AHB87, Ume91], a single value
decomposition is required for each valid solution.

Nistér and Stewénius at [Nis04a, NS07] expresses rotation and translation
parameter as a problem of intersection between a ruled quartic surface and
a circle. Differently of Chen and Chang method, Nistér and Stewénius’s
outputs the rotation and translation parameters that represent the pose.
However, for a simple problem such as the minimal absolute pose problem
their formulation is quite complex and less intuitive.

This part is organized as follows: in the remainder of this section we
briefly describe our approaches; in Chapter 9 and Chapter 10, we formulate
two approaches to solve the problem; in Chapter 11 we evaluate the proposed
approaches which are discussed in Chapter 12.

8.1 Our Approaches

In this thesis we propose a novel alternative solution to the Chen & Chang
and Nistér & Stewénius algorithms.

The minimal absolute pose problem consists in the estimation of a trans-
formation between the world and camera coordinatas, using the coordinates
of three known points in the world and their correspondent images. These
three 3D points define a plane. As a result, the homography map can be used
to represent the transformation between the world and camera coordinates.
The aim of the proposed algorithms are to estimate the homography matrix
[HZ00, MSKS04].

Using the homography to represent the pose, we derived an algebraic
relation that estimates a three degrees of freedom solution for the homography
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matrix. To have a finite number of solutions, three additional constraints are
required. We use the fact that homography matrix must represent a rotation
to define these constraints. After the estimation of the homography matrices
that define the solutions for the pose, they are decomposed into rotation and
translation, concluding the approaches.

In the first approach, we derived a direct solution – no predefined transfor-
mation to the data-set is required. The estimation of the homography matrix
is very simple, direct and intuitive. However, the decomposition of the ma-
trix is complex requiring an eigen decomposition of a 3 ˆ 3 matrix. Despite
the fact that there is a closed-form solution for this decomposition, the dis-
tribution of the numerical errors becomes significantly worse. As a result, in
the literature, authors use iterative methods to compute the decomposition
[KSS11].

In the second case, we used a predefined transformation of the 3D points,
in the world coordinate system. The goal of the suggested transformation was
to express the homography matrix such that the first two columns must be
orthonormal – they must correspond to the two first columns of the rotation
matrix. In this case the difficulty of the decomposition of the homography
matrix is significantly reduced. The decomposition is complete after two
analytical operations.

When considering the proposed approaches compared to the state–of–
the–art methods, the main results of the proposed formulation are:

• A simple and intuitive solution that can be easily implemented – spe-
cialy when compared to the Nistér and Stewénius algorithm;

• Returns the rotation and translation parameters that define the pose
– when compared to Chen and Chang and Ramalingam et al. , does
not require addicional steps for the computation of the rotation and
translation from two 3D points sets;

• When compared to previous methods, our formulation is more robust
to both degenerate and critical cases.



Chapter 9

Formalization – Method 1

Pose estimation requires the estimation of a rotation matrixR P SO p3q (spe-
cial orthogonal group) and a translation vector t P R3 that define the rigid
transformation between the world and camera coordinate systems. Since we
consider that the imaging device is calibrated, pose is specified by the rigid
transformation that satisfies the relationship of incidence between points in
the world coordinate system and 3D straight lines represented in the camera
coordinate system, Figure 2.2.

The rigid transformation between a point in world coordinates ppWq and
the same point in camera coordinates ppCq is given by

ppCq “ RppWq ` t. (9.1)

Since three points define a plane, we can define a plane ΠpWq P R4 such
that

ΠpWq .“ ppWq
1 Y ppWq

2 Y ppWq
3 , (9.2)

and from the planar homography [MSKS04], we can rewrite Equation (9.1)
as

ppCq “
ˆ
R `

1

ζpWq
t πpWq T

˙

loooooooooooomoooooooooooon
H

ppWq (9.3)

where H P R3ˆ3 is called the homography matrix, ζpWq and πpWq are the
distance from the plane to the origin and the unit normal vector to the plane
ΠpWq respectively.

The homography matrix can be defined up to a scale factor qHR “ H.
However, H only defines a rigid transformation for points ppWq P ΠpWq if it

55
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verifies the following condition:

Proposition 9.1. A matrix H belongs to the space of the homography matri-
ces H, that preserve rigidity for points ppWq P ΠpWq, if and only if it verifies
following condition

H P H
.“
␣
H P R

3ˆ3 : σ2 pHq2 “ 1
(

(9.4)

where σ2 pHq2 is the second biggest singular value of H.

The proof of this proposition is a simple extension of the proof found in
[MSKS04, Lemma 5.18].

9.1 Decomposition of the Homography Ma-
trix

For the decomposition of the homography matrix, we use the method de-
scribed in Section 5.3.3 of [MSKS04]. We note that there are other ap-
proaches for the decomposition of this matrix as is shown in [MV07]. In
this section we briefly describe this method and analyze the decomposition
applied to our approach, in which the coordinates of ΠpWq are known.

Let us consider the eigen decomposition of HTH as

HTH “ VΣVT (9.5)

with V P SO p3q that can be decomposed into columns as V ““
v1 v2 v3

‰
and, from Proposition 9.1, Σ “ diag tσ2

1, 1, σ
2
3u, where σ2

1 ě
1 ě σ2

3. We can define u1 and u2 as

u1 “
a
1 ´ σ2

3v1 `
a
σ2
1 ´ 1v3a

σ2
1 ´ σ2

3

(9.6)

u2 “
a
1 ´ σ2

3v1 ´
a
σ2
1 ´ 1v3a

σ2
1 ´ σ2

3

(9.7)

where |ui| “ 1 for i “ 1, 2.
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Solution 1: Solution 3:

Rp1q “ Wp1q
`
Up1q

˘T

qπpWq
1 “ v2 ˆ u1

1
ζpWq t

p1q “
`
H ´ Rp1q

˘
Rp1q

Rp3q “ Rp1q

qπpWq
3 “ ´qπpWq

1

1
ζpWq t

p3q “ ´ 1
ζpWq t

p1q

(9.12)

Solution 2: Solution 4:

Rp2q “ Wp2q
`
Up2q

˘T

qπpWq
2 “ v2 ˆ u2

1
ζpWq t

p2q “
`
H ´ Rp2q

˘
Rp2q

Rp4q “ Rp2q

qπpWq
4 “ ´qπpWq

2

1
ζpWq t

p4q “ ´ 1
ζpWq t

p2q

(9.13)

The vectors qπpWq
i correspond to the estimates of the vector πpWq

Defining matrices Up1q,Up2q,Wp1q,Wp2q P R3ˆ3 as

Up1q “
“
v2 u1 v2 ˆ u1

‰
(9.8)

Up2q “
“
v2 u2 v2 ˆ u2

‰
(9.9)

Wp1q “
“
Hv2 Hu1 Hv2 ˆ Hu1

‰
(9.10)

Wp2q “
“
Hv2 Hu2 Hv2 ˆ Hu2

‰
, (9.11)

the four possible solutions for the decomposition of H are presented in Equa-
tions (9.12) and (9.13).

Usually, the homography matrix is used to estimate the relative pose
between two perspective images when a planar pattern is viewed by both
cameras. In that case, the decomposition of H into a rotation matrix and
translation vector can yield up to four solutions – Equations (9.12) and (9.13).
However, in the problem addressed in this thesis we assume that the 3D
coordinates of the points are known in one of the coordinate systems, which
means that the plane coordinates are known in that coordinate system.

For this problem, it is possible to define the following theorem.

Theorem 9.1. Given a homography matrix, H P H, and a plane of known
coordinates ΠpWq

R
.“

`
´ζpWq,πpWq

˘
P R4 where

ˇ̌
πpWq

ˇ̌
“ 1, the decomposi-

tion of H into rotation and translation has a unique solution.

The proof of this theorem is derived in Section D.1.
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9.2 Proposed Approaches

We are considering a camera previously calibrated according to the general
camera model – Section 2.1. Therefore for each pixel the corresponding 3D
line (in the camera coordinate system) is known. A 3D line can be represented
in Plücker coordinates lpCqR

.“
`
dpCq,mpCq

˘
– Section 3.2.1.

Using this representation and from [PW01], a point that is incident on a
line verifies the following relationship

dpCq ˆ ppCq “ pdpCqppCq “ mpCq. (9.14)

We wish to determine the relationship between the points in the world
coordinate system and the lines in the camera coordinate system. Thus,
without loss of generality considering the plane ΠpWq defined by the three
world points (Equation (9.2)), we can write

pdpCqHppWq “ mpCq. (9.15)

The aim of this approach is to estimate the pose based on the homography
matrix. Thus, we consider the linearization of the unknown matrix H in
Equation (9.15), using the Kronecker product, Section 3.1,

´
ppWq T b pdpCq

¯
vec pHq “ mpCq. (9.16)

It is well known from linear algebra [HJ91] that

rank
´
ppWq T b pdpCq

¯
“ rank

´
ppWq T

¯
rank

´
pdpCq

¯
. (9.17)

As a result, and since

rank
´

pdpCq
¯

“ 2 and rank
´
ppWq T

¯
“ 1, (9.18)

we have

rank
´
ppWq T b pdpCq

¯
“ 2, (9.19)

which means that from the three rows generated by a single 3D point in the
world coordinate system and its correspondent line in the camera coordinate
system, only two are linearly independent.

The minimal problem in the case of the camera absolute pose corresponds
to the determination of the mapping between three world points – repre-
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sented in the world coordinate system, and their corresponding 3D lines –
represented in the camera coordinate system. Therefore and using the rep-
resentation of Equation (9.16), we can define the following algebraic relation

»

———–

ppWq
1

T
b pdpCq

1

ppWq
2

T
b pdpCq

2

ppWq
3

T
b pdpCq

3

fi

ffiffiffifl

loooooooooomoooooooooon
M

vec pHq “

»

——–

mpCq
1

mpCq
2

mpCq
3

fi

ffiffifl

loooomoooon
w

(9.20)

where M P R9ˆ9, w P R9. Note that each mapping between points in the
world and lines generates only two linearly independent rows. As a result,
it is expected that rank pMq ď 6. Moreover, we can derive the following
theorem

Theorem 9.2. Consider a set of three points defined in the world coordinate

system
!
ppWq
i

)
and their correspondent lines in the camera coordinate system

!´
dpCq
i ,mpCq

i

¯)
for i “ 1, 2, 3. If the three points define a plane that does

not pass through the origin, the dimension of the column–space of M at
Equation (9.20) will be rank pMq “ 6.

The proof of this theorem is presented in Section D.2. Even if the plane
contains the origin a simple change of coordinate system ensures that the
conditions of the theorem hold.

9.2.1 Minimal Absolute Pose Problem for General
Cameras

In this sub-section we describe a direct method for minimal pose problem
using general cameras.

Let us consider matrix N P R9ˆ10 such that the solution vector vec pHq
is represented in homogeneous coordinates ξ P R10, and such that

“
M ´w

‰
loooooomoooooon

N

ξ “ 0, where ξ “

«
vec pHq

1

ff

. (9.21)

It is clear that rank pNq “ rank pMq. Thus and from Theorem 9.2,
rank pNq “ 6 and, since rank pNq ` nullity pNq “ 10, nullity pNq “ 4. Let us
consider the null-space of N represented by

null pNq .“ tα1f1 ` α2f2 ` α3f3 ` α4f4 : α1,α2,α3,α4 P Ru (9.22)
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where the fi P R10 are the vectors defining its basis, and ξ Ă null pNq. Note
that ξ has four degrees of freedom. However from Equation (9.21), we see
that the tenth element of vector ξ must be ξ10 “ 1.

Without loss of generality, we can consider that the tenth elements of the
ith bases fi are equal to one, for i “ 1, 2, 3, 4. Using this result, we can define
a constraint α4 “ 1 ´ α1 ´ α2 ´ α3. Using this constraint and redefining the
basis as qf1 “ f1 ´ f4, qf2 “ f2 ´ f4, qf3 “ f3 ´ f4 and qf4 “ f4, we define the affine
space R as:

R
.“

!
α1

qf1 ` α2
qf2 ` α3

qf3 ` qf4 : αi P R

)
, (9.23)

in which ξ P R – using this representation we ensure that for any αi, the
tenth element of the vector ξ is always equals to ξ10 “ 1. Note that in this
representation, the space has only three degrees of freedom.

For simplicity, we can use numerical methods such as the eigen decom-
position to compute basis fi and then derive qfi as described. However, an
analytical solution for the basis qfi is derived in the Appendix B.

Un-staking the vectors qfi to qFi we define H as a function of the unknowns
α1, α2 and α3 as

H “ α1
qF1 ` α2

qF2 ` α3
qF3 ` qF4. (9.24)

The estimated homography matrix must represents a rigid–body trans-
formation for points at ΠpWq, which means that the distance between any
two points after the application of the homography map must be preserved.
Formally,
ˇ̌
ˇ
ˇ̌
ˇppWq

i ´ ppWq
j

ˇ̌
ˇ
ˇ̌
ˇ “

ˇ̌
ˇ
ˇ̌
ˇppCq

i ´ ppCq
j

ˇ̌
ˇ
ˇ̌
ˇ (9.25)

and, since ppCq
i “ HppWq

i ,

ˇ̌
ˇ
ˇ̌
ˇppWq

i ´ ppWq
j

ˇ̌
ˇ
ˇ̌
ˇ “

ˇ̌
ˇ
ˇ̌
ˇHppWq

i ´ HppWq
j

ˇ̌
ˇ
ˇ̌
ˇ . (9.26)

Using this result and considering qpWq
i,j “ ppWq

i ´ ppWq
j for the three world

points, we can define three constraints that the estimated homography matrix
must verify

qpWq
i,j

T
qpWq
i,j “ qpWq

i,j

T
HTHqpWq

i,j for pi, jq “ tp1, 2q , p1, 3q , p2, 3qu . (9.27)

The application of these three constraints on the space of the homogra-
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κ
pi,jq
1 “ qpWq

i,j

T qFT
1

qF1q
pWq
i,j κ

pi,jq
2 “ qpWq

i,j

T qFT
2

qF2q
pWq
i,j

κ
pi,jq
3 “ qpWq

i,j

T qFT
3

qF3q
pWq
i,j κ

pi,jq
4 “ qpWq

i,j

T
´

qFT
1

qF2 ` qFT
2

qF1

¯
qpWq
i,j

κ
pi,jq
5 “ qpWq

i,j

T
´

qFT
1

qF3 ` qFT
3

qF1

¯
qpWq
i,j κ

pi,jq
6 “ qpWq

i,j

T
´

qFT
2

qF3 ` qFT
3

qF2

¯
qpWq
i,j

κ
pi,jq
7 “ qpWq

i,j

T
´

qFT
1

qF4 ` qFT
4

qF1

¯
qpWq
i,j κ

pi,jq
8 “ qpWq

i,j

T
´

qFT
2

qF4 ` qFT
4

qF2

¯
qpWq
i,j

κ
pi,jq
9 “ qpWq

i,j

T
´

qFT
3

qF4 ` qFT
4

qF3

¯
qpWq
i,j κ

pi,jq
10 “ qpWq

i,j

T
´

qFT
4

qF4 ´ I
¯
qpWq
i,j

Table 9.1: In this table we show the coefficient parameters of the polynomial
equations derived in Equation (9.28)

phy matrix defined in the Equation (9.24) will generate three constraints
gi,j pα1,α2,α3q “ 0 on the unknowns α1, α2 and α3, where gi,j pα1,α2,α3q is
such that

gi,j pα1,α2,α3q “ α2
1κ

pi,jq
1 ` α2

2κ
pi,jq
2 ` α2

3κ
pi,jq
3 ` α1α2κ

pi,jq
4 ` α1α3κ

pi,jq
5 `

` α2α3κ
pi,jq
6 ` α1κ

pi,jq
7 ` α2κ

pi,jq
8 ` α3κ

pi,jq
9 ` κ

pi,jq
10 . (9.28)

The coefficients of the polynomial equations, κ
pi,jq
n for n “ 1, . . . , 10, are

shown in Table 9.1.
To conclude, the solutions for the homography matrix are given by the

Equation (9.24), where α1, α2 and α3 verify

g1,2 pα1,α2,α3q “ g1,3 pα1,α2,α3q “ g2,3 pα1,α2,α3q “ 0. (9.29)

Note that each one of these functions represents a quadric. As a result, the
solutions for vector pqα1, qα2, qα3q that verify the constraints of Equations (9.29),
can be seen as corresponding to the points where the three quadrics inter-
sects. Moreover, from Bézout’s theorem [CLO04] and since we have three
constraints of degree two, we can conclude that we have up to eight solu-
tions. A general method to estimate the intersection of quadrics is described
in Section C.

A necessary condition for the decomposition of the homography matrix
described in Section 9.1 is that the estimated matrices H verify H P H. This
is the same as to prove thatH verifies the conditions of a rigid transformation
for any point that belongs to the plane ΠpWq. Therefore, this requirement
must be met to ensure that the estimates R P SO p3q and t P R3.

From the following Proposition, all the solutions for H that are obtained
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from the intersection of the three quadrics (Equations (9.29)) verify the con-
dition H P H and, from Theorem 9.1, will generate a single solution for
R P SO p3q and t P R3.

Proposition 9.2. A matrix H P R3ˆ3 that satisfies qpWq
i,j

T
qpWq
i,j “

qpWq
i,j

T
HTHqpWq

i,j for pi, jq “ tp1, 2q , p1, 3q , p2, 3qu and qpWq
i,j “ ppWq

i ´ ppWq
j ,

defines a rigid transformation for any points ppWq P ΠpWq where ΠpWq .“
ppWq
1 Y ppWq

2 Y ppWq
3 , and as a result verifies the Proposition 9.1.

The proof of this Proposition is presented in the Appendix D.3.

9.2.2 Minimal Absolute Pose Problem for Central
Cameras

Let us now consider the case of a central/perspective camera. Without loss
of generality, we consider as the origin of the camera coordinate system the
center of projection, i.e., the point where all the rays intersect. Since all
the rays pass through the origin, the moments of the lines will be zero and
we can write w “ 0. In this case, from the algebraic relationship of Equa-
tion (9.20), the solutions for vec pHq will belong to the null-space of M.
From Theorem 9.2, we have nullity pMq “ 3, which means that we can define
vec pHq P null pMq, such that

null pMq .“ tα1f1 ` α2f2 ` α3f3 : α1,α2,α3 P Ru (9.30)

where fi, for i “ 1, 2, 3, are the vectors corresponding to the basis for the
null-space. Similar to the general case, these basis can be computed using nu-
merical methods such as eigen decomposition or using an analytical solution
derived in the Appendix B.

Un-staking the columns fi to Fi, we can define H as a function of un-
knowns α1, α2 and α3 such that

H “ α1F1 ` α2F2 ` α3F3. (9.31)

As we describe in Proposition 9.1, the homography matrix can be defined
up to a scale factor. If we consider qH “ α´1

3 H, we can write

qH “ qα1F1 ` qα2F2 ` F3. (9.32)

where qα1 “ α´1
3 α1 and qα2 “ α´1

3 α2.
Like the general central case, the homography matrix must represent a

rigid transformation for points in the plane ΠpWq. As a result, the three



63 Chapter 9. Formalization – Method 1

µ
pi,jq
1 “ qpWq

i,j

T
FT

1F1q
pWq
i,j µ

pi,jq
2 “ qpWq

i,j

T
FT

2F2q
pWq
i,j

µ
pi,jq
3 “ qpWq

i,j

T
qpWq
i,j µ

pi,jq
4 “ qpWq

i,j

T `
FT

1F2 ` FT
2F1

˘
qpWq
i,j

µ
pi,jq
5 “ qpWq

i,j

T `
FT

1F3 ` FT
3F1

˘
qpWq
i,j µ

pi,jq
6 “ qpWq

i,j

T `
FT

2F3 ` FT
3F2

˘
qpWq
i,j

µ
pi,jq
7 “ qpWq

i,j

T
FT

3F3q
pWq
i,j

Table 9.2: In this table we show the coefficient parameters of the quadratic equa-
tions of Equation (9.34).

following constraints can be applied

qα2
3 q

pWq
i,j

T
qpWq
i,j “ qpWq

i,j

T qHT qHqpWq
i,j for pi, jq “ tp1, 2q , p1, 3q , p2, 3qu (9.33)

where qα3 “ α´1
3 . Applying these constraints on the homography matrix space

defined in Equation (9.32), we get three quadric surfaces gi,j pqα1, qα2, qα3q “ 0,
such that

gi,j pqα1, qα2, qα3q “ qα2
1µ

pi,jq
1 ` qα2

2µ
pi,jq
2 `

` qα2
3µ

pi,jq
3 ` qα1qα2µ

pi,jq
4 ` qα1µ

pi,jq
5 ` qα2µ

pi,jq
6 ` µ

pi,jq
7 . (9.34)

The coefficients of the polynomial equations µpi,jq
m are shown in Table (9.2).

The solution for the estimated homography matrix is then given by the
unknowns qα1, qα2 and qα3 that verifies

g1,2 pqα1, qα2, qα3q “ g1,3 pqα1, qα2, qα3q “ g2,3 pqα1, qα2, qα3q “ 0 (9.35)

Similar to the general case, each constraint gi,j pqα1, qα2, qα3q represents a
quadric. As a result, we can have up to eight solutions for the unknowns
pqα1, qα2, qα3q that correspond to the points where the three quadrics intersect.
In this case and from Equation (9.34), we can see that we have some monomi-
als missing. Using this information, we derived a closed-form solution for the
estimates of the unknowns qα1, qα2, qα3. The solver is described in Section C.2.
Note that in this case Proposition 9.2 is also verified and as a result H P H.
This means that for each estimate H P H we have a single R P SO p3q and
t P R3.

Note that in the case of a minimal pose problem for a central camera,
we have up to four solutions, [HLON94]. Let us consider the solutions for
vec pHq as ui, for i “ 1, . . . , n where n ď 8 is the number of possible solutions.
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Algorithm 9.1 A Direct Solution for the Minimal General Absolute Pose
Problem – Section 9.2.1.

1. Compute the null-space of matrix N, which is obtained from the set of
correspondences between world points and lines. We can use numerical
methods such as eigen decomposition or the analytical solution derived
in Appendix B;

2. Using the basis of the estimated null-space, compute the coefficients of
the quadric surfaces;

3. Compute the intersection of the quadric surfaces – using the method
described in Appendix C.1:

(a) Compute the matrices C0, C1 and C2 using the coefficients of the
polynomial equations;

(b) Using these matrices compute matrix C, as shown in Equa-
tions (C.3);

(c) Compute the eigen decomposition of matrix C;

(d) For each eigenvalue, set α1 equal to the inverse of the eigenvalue
and α2 and α3 are assigned to the correspondent eigenvector ele-
ments;

4. For each set of tα1,α2,α3u, compute the estimates for the homography
matrix; and decompose each estimate using the method described in
Section 9.1.

From Equation (9.20) and since w “ 0, it is straightforward to verify that
the solutions can be grouped into pairs tul,umu, where um “ ´ul – if we
have a solution ul that verifies Mul “ 0, then we will have um “ ´ul that
verifies Mum “ 0. As a result, if we consider only solutions corresponding to
points in front of the camera (which is usually used in these cases [HLON94]),
one of the solutions from each pair can be eliminated and, as a result, we
will have up to four solutions also.

9.3 Algorithm Outline

Despite the complexity in the derivation of some steps of the method, the
result algorithm is very simple, intuitive and it can be easily implemented.
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Algorithm 9.2 A Direct Solution for the Minimal Central Absolute Pose
Problem – Section 9.2.2.

1. Compute the null-space of the matrix M. We can use the eigen decom-
position or the analytical solution derived in Appendix B;

2. Using the basis of the estimated null-space, compute the coefficients of
the polynomial equations;

3. Compute the points where the three quadric surfaces intersect. Using
the method derived in Appendix C.2:

(a) Using the coefficients of the quadric surfaces, get the polyno-
mial equations Φ1rrα1, rα2s Φ4rrα1s, Γrrα1s and Φ7rrα1s using Equa-
tions (C.4), (C.6) and (C.8);

(b) Compute the roots of the fourth degree equation Φ7rrα1s and set
the rα1 equal to the roots. Compute rα2 and rα3 using Equa-
tions (C.4) ans (C.6).

(c) Recover the set of unknowns tα1,α2,α3u.

We note that this method computes the roots in closed-form;

4. For each set of tα1,α2,α3u, compute the estimates for the homography
matrix; and decompose each estimate using the method described in
Section 9.1.

In terms of formulation, we note that our algorithm requires: the compu-
tation of the null-space of M or N – we can use numerical methods such
as eigen decomposition or an analytical solution derived in the Appendix B;
solving the problem of finding the 3D points where three quadrics intersect –
Appendix C.1 or Appendix C.2, for general or central cameras respectively;
and decomposing the estimated homography matrices – using the method
described in Section 9.1.

The proposed methods are described in Algorithm 9.1 and 9.2 for general
and central camera models respectively. In the proposed algorithms we used
the minimal solvers proposed in Section C.1 and C.2. However, there exist
faster methods that can be used.



Chapter 10

Formalization – Method 2

The approach proposed in this chapter is an extension of the formalization
introduced in Chapter 9. Again, the aim is to estimate the rotation R P
SO p3q and translation t P R3 parameters that define the rigid transformation
between the world and camera coordinate systems.

Similar to the previous case and without loss of generality, let us con-
sider the homography to represent the transformation between the world and
camera coordinate systems – Equation (9.3). Without loss of generality, we
can apply an additional known transformation to the data points and plane
coordinates, R: P SO p3q and t: P R3. We consider a transformation such
that

qppWq “ R:ppWq ` t: (10.1)

qΠ
pWq .“

”
qζpWq, qπpWq

ı
“

“
ζpWq ´ t: ¨ R:πpWq,R:πpWq

‰
, (10.2)

which makes qπpWq parallel to the z–axis. The rotation R: P SO p3q is given
by

R: “
“
d4 d5 d6

‰T
where d6 “ πpWq. (10.3)

To compute d4 we consider two vectors n´ and n`, such that

n´ “ d6 ˆ p0, 1, 0q and n` “ d6 ˆ p1, 0, 0q . (10.4)

We assign n as the vector with the largest magnitude from n´ and n`. We
define d4 “ n

|n| and, to conclude,

d5 “ d6 ˆ d4. (10.5)

66
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To define a specific depth for the plane, we can use

t: “ R:

˜
1

3

3ÿ

i“1

ppWq
i

¸

´
”
0 0 qζpWq

ıT
. (10.6)

The choice for qζpWq is not irrelevant. In the next section we describe the
constraints for the selection of this parameter.

Using this additional transformation, we can rewrite Equation (9.3) as

ppCq “
´
R `

”
0 0 1

qζpWq
t

ı¯

loooooooooooooomoooooooooooooon
H

qppWq, (10.7)

which means that the aimed homography matrix is given by

H “
”
r1 r2

´
r3 ` 1

qζpWq
t
¯ ı

(10.8)

where ri is the ith column of the rotation matrix R. From the fact that R
must belong to the special orthogonal group, the following three constraints
can be easily derived

r1 ¨ r1 “ 1, which implies h1 ¨ h1 “ 1 (10.9)

r2 ¨ r2 “ 1, which implies h2 ¨ h2 “ 1 (10.10)

r1 ¨ r2 “ 0, which implies h1 ¨ h2 “ 0. (10.11)

From now on, we will consider that the data-set points in the world are
represented in this coordinate system.

10.1 Proposed Approach

Let us consider that the 3D straight lines are represented in Plücker coordi-
nates lpCqR

.“
`
dpCq,mpCq

˘
, Section 3.2.1. Similar to the problem fomulation

proposed in Chapter 9, we define the incident relation between 3D points
and lines – in the world and camera coordinate systems respectively, as
´

qppWq T b pdpCq
¯
vec pHq “ mpCq. (10.12)
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For three world points and their corresponding 3D lines the following alge-
braic relation can be derived
»

———–

qppWq
1

T
b pdpCq

1

qppWq
2

T
b pdpCq

2

qppWq
3

T
b pdpCq

3

fi

ffiffiffifl

loooooooooomoooooooooon
M

vec pHq “

»

——–

mpCq
1

mpCq
2

mpCq
3

fi

ffiffifl

loooomoooon
w

(10.13)

where M P R9ˆ9, w P R9. In Theorem 9.2, we proved the if the three
world points qppCq

i do not define a two dimensional subspace, dimension of
the column space of the matrix M will be six. Note that we can choose
the transformation parameters R: and t:, such that the plane does not pass
through the origin. For that, we have to ensure that the qζpWq ‰ 0.

10.1.1 Minimal Absolute Pose for General Camera
Models

Let us first consider the general case – where the 3D lines in the camera
coordinate system can or can not intersect at a single point. Defining a
matrix N P R9ˆ10 such that

“
M ´w

‰
loooooomoooooon

N

ξ “ 0, where ξ “

«
vec pHq

1

ff

. (10.14)

Again, from Theorem 9.2, we know that rank pNq “ 6. Since

rank pNq ` nullity pNq “ 10, (10.15)

the dimension of the null space is nullity pNq “ 4 and ξ Ă null pNq, such that

null pNq .“ tα1e1 ` α2e2 ` α3e3 ` α4e4 : α1,α2,α3,α4 P Ru . (10.16)

ei P R10 are the vectors defining the basis of the null-space. Similar to the
case derived in Chapter 9.2.1, we define an affine space Q

Q
.“ tα1qe1 ` α2qe2 ` α3qe3 ` qe4 : α1,α2,α3 P Ru (10.17)

such that ξ P Q. To compute the basis qei, we can use singular value de-
composition to estimate ei and derived qei as suggested. Or we can use an
analytical solution derived in the Section B.
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Defining the matrices qEi P R3ˆ3 as the un–stacking matrices of the vectors
qei, we can define H as a function of the unknowns α1, α2 and α3 such that

H “ α1
qE1 ` α2

qE2 ` α3
qE3 ` qE4. (10.18)

Let us consider the vectors f pjq
i as the ith column of the matrix qEj. Using

these vectors and Equation (10.18), we define the two affine spaces for the
two first columns of the estimated homography matrix as

h1 “ α1f
p1q
1 ` α2f

p2q
1 ` α3f

p3q
1 ` f p4q

1 (10.19)

h2 “ α1f
p1q
2 ` α2f

p2q
2 ` α3f

p3q
2 ` f p4q

2 . (10.20)

Since the first two columns of the homography matrix must correspond
to the two first columns of a rotation matrix, they must be orthonormal. As
a result, the constraints defined by Equations (10.9-10.11), must be verified.
The application of these constraints on the space of solutions for h1 and h2

– Equations (10.19) and (10.20), generate three constraint equations, such
that

g1,1 pα1,α2,α3q “ g2,2 pα1,α2,α3q “ g1,2 pα1,α2,α3q “ 0. (10.21)

Each function gi pα1,α2,α3q represents a second degree polynomial equation
with three unknowns

gi,j pα1,α2,α3q “ α2
1κ

pi,jq
1 ` α2

2κ
pi,jq
2 ` α2

3κ
pi,jq
3 ` α1α2κ

pi,jq
4 `

` α1α3κ
pi,jq
5 ` α2α3κ

pi,jq
6 ` α1κ

pi,jq
7 ` α2κ

pi,jq
8 ` α3κ

pi,jq
9 ` κ

pi,jq
10 . (10.22)

The parameters of the coefficients, κpi,jq
n for n “ 1, . . . , 10 are shown in the

Table 10.1.
To conclude, the estimates for the homography matrix are given by the

Equation (10.18), for the solutions of pα1,α2,α3q that are given by the in-
tersection of the quadrics, Equation (10.21). In the literature, there are a
wide variety of methods that can be used to solve this problem. In the
Appendix C.1, we propose a very simple and intuitive method based on poly-
nomial eigenvalues [KBP12a].

10.1.2 Minimal Absolute Pose for Central Camera

Let us consider the central case and, without loss of generality, the origin of
the coordinate system at the point where all the 3D lines intersect, which
means that mpCq

i “ 0 for i “ 1, 2, 3. From the algebraic relation defined in
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pi, jq p1, 2q p1, 1q p2, 2q
κ

pi,jq
1 f p1q

1 ¨ f p1q
2 f p1q

1 ¨ f p1q
1 f p1q

2 ¨ f p1q
2

κ
pi,jq
2 f p2q

1 ¨ f p2q
2 f p2q

1 ¨ f p2q
1 f p2q

2 ¨ f p2q
2

κ
pi,jq
3 f p3q

1 ¨ f p3q
2 f p3q

1 ¨ f p3q
1 f p3q

2 ¨ f p3q
2

κ
pi,jq
4 f p1q

1 ¨ f p2q
2 ` f p2q

1 ¨ f p1q
2 2f p1q

1 ¨ f p2q
1 2f p1q

2 ¨ f p2q
2

κ
pi,jq
5 f p1q

1 ¨ f p3q
2 ` f p3q

1 ¨ f p1q
2 2f p1q

1 ¨ f p3q
1 2f p1q

2 ¨ f p3q
2

κ
pi,jq
6 f p2q

1 ¨ f p3q
2 ` f p3q

1 ¨ f p2q
2 2f p2q

1 ¨ f p3q
1 2f p2q

2 ¨ f p3q
2

κ
pi,jq
7 f p1q

1 ¨ f p4q
2 ` f p4q

1 ¨ f p1q
2 2f p1q

1 ¨ f p4q
1 2f p1q

2 ¨ f p4q
2

κ
pi,jq
8 f p2q

1 ¨ f p4q
2 ` f p4q

1 ¨ f p2q
2 2f p2q

1 ¨ f p4q
1 2f p2q

2 ¨ f p4q
2

κ
pi,jq
9 f p3q

1 ¨ f p4q
2 ` f p4q

1 ¨ f p3q
2 2f p3q

1 ¨ f p4q
1 2f p3q

2 ¨ f p4q
2

κ
pi,jq
10 f p4q

1 ¨ f p4q
2 f p4q

1 ¨ f p4q
1 ´ 1 f p4q

2 ¨ f p4q
2 ´ 1

Table 10.1: In this table, we show the coefficient parameters κ
pi,jq
n of the polyno-

mial equations gi,j pa, b, cq – Equation (10.22).

Equation (10.13) and similar to the case derived in Section 9.2.2,

vec pHq P null pMq (10.23)

where null pMq denotes the null-space of the matrix M. From Theorem 9.2,
the nullity pMq “ 3 and, as a result,

null pMq .“ tα1e1 ` α2e2 ` α3e3 : α1,α2,α3 P Ru . (10.24)

To compute the basis ei, we can use either the eigen decomposition of M or
an analytical solution, derived in Section B.

Unstacking vectors ei into matrices Ei, we define a three degree of freedom
solution for the homography matrix as

H “ α1E1 ` α2E2 ` α3E3. (10.25)

Similar to the general case, we define vector spaces for the first two columns
of the homography matrix, h1 and h2, as

h1 “ α1f
p1q
1 ` α2f

p2q
1 ` α3f

p3q
1 (10.26)

h2 “ α1f
p1q
2 ` α2f

p2q
2 ` α3f

p3q
2 . (10.27)

The vector f piq
j is the jth column of the matrix Ei. Without loss of generality,

we define qhi “ hi{α1. Using this formulation, qh1 and qh2 represent two
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piq p1q p2q
µ

pjq
1 f p2q

1 ¨ f p2q
2 f p2q

1 ¨ f p2q
1 ´ f p2q

2 ¨ f p2q
2

µ
piq
2 f p3q

1 ¨ f p3q
2 f p3q

1 ¨ f p3q
1 ´ f p3q

2 ¨ f p3q
2

µ
piq
3 f p2q

1 ¨ f p3q
2 ` f p3q

1 ¨ f p2q
2 2f p2q

1 ¨ f p3q
1 ´ 2f p2q

2 ¨ f p3q
2

µ
piq
4 f p1q

1 ¨ f p2q
2 ` f p2q

1 ¨ f p1q
2 2f p1q

1 ¨ f p2q
1 ´ 2f p1q

2 ¨ f p2q
2

µ
piq
5 f p1q

1 ¨ f p3q
2 ` f p3q

1 ¨ f p1q
2 2f p1q

1 ¨ f p3q
1 ´ 2f p1q

2 ¨ f p3q
2

µ
piq
6 f p1q

1 ¨ f p1q
2 f p1q

1 ¨ f p1q
1 ´ f p1q

2 ¨ f p1q
2

Table 10.2: In this table, we show the coefficient parameters µ
pi,jq
n of the polyno-

mial equations gi pa, b, cq – Equation (10.30).

dimensional affine spaces such that

qh1 “ f p1q
1 ` qα2f

p2q
1 ` qα3f

p3q
1 and qh2 “ f p1q

2 ` qα2f
p2q
2 ` qα3f

p3q
2 (10.28)

where qα2 “ α2{α1 and qα3 “ α3{α1. Since qh1 and qh2 must represent orthogo-
nal basis and has the same norm, the constraints defined by Equations (10.9-
10.11) can be applied to qh1 and qh2 such that

qh1 ¨ qh2 “ 0 and qh1 ¨ qh1 ´ qh2 ¨ qh2 “ 0. (10.29)

Replacing the columns qhi using Equation (10.28), we define two constraints
on the unknowns qα2 and qα3. These constraints are given by two polynomial
equations gi pqα2, qα3q “ 0 of the form

gi pqα2, qα3q “ qα2
2µ

piq
1 ` qα2

3µ
piq
2 ` qα2µ

piq
4 ` qα2qα3µ

piq
3 ` qα3µ

piq
5 ` µ

piq
6 , (10.30)

where the coefficient parameters µpjq
i are shown in Table 10.2.

Thus, the solution for the proposed problem – central case, is given by
the set of unknowns qα2 and qα3 such that

g1 pqα2, qα3q “ g2 pqα2, qα3q “ 0. (10.31)

The formulation of the Equation (10.31) represents the estimation of the
intersection points between two conic lines. From the Bézout’s theorem
[CLO04], the theoretical maximum number of solutions for this problem is
four. The solutions for Equation (10.31) can be computed in closed-form,
from a simple derivation of the method described in Section C.2.



Pedro Miraldo – Abril 2013 72

To conclude the algorithm, we recover the original unknowns αi using

α1 “ ˘
ˇ̌
ˇqh1

ˇ̌
ˇ
´1

, α2 “ qα2α1 and α3 “ qα3α1. (10.32)

qh1 is computed using Equation (10.28) and the estimated solutions for qα2

and qα3.
To conclude, given the set of values for pα1,α2,α3q, the estimates for the

homography matrix are given by the solutions of Equation (10.25).
Note that if we have a solution as pα1,α2,α3q, from Equa-

tions (10.32) and (10.13) – with w “ 0, the solutions p´α1,´α2,´α3q will
also verify the same contraints. This means that we can have up to eight
solutions. However and from Equation (10.25), this pair of solutions will
generate respectively the pair H and ´H for the solution of homography
matrix. Moreover and from Equation (10.7), these two estimates for the ho-
mography matrix will generate the pair ppCq and ´ppCq for the world point
in the camera coordinate system. As a result, if we consider only solutions
corresponding to points in front of the camera – which is usually used in
these cases [HLON94], one of the solutions from each pair can be eliminated
and, as a result, we will have up to four solutions.

10.1.3 Recovery of the Pose

Since pose estimation is specified the transformation parameters between
the world and camera coordinate systems, a decomposition of the estimated
homography matrix into a rotation matrix R and translation vector t is
required.

Note that as a result of the pre–defined transformation of the data set,
each solution for homography matrix will verify Equation (10.8). As a result
and since the rotation matrix must belong to the special orthogonal group,
the correspondent rotation matrix will be

R “
“
h1 h2 ph1 ˆ h2q

‰
(10.33)

where the column vectors hi correspond to the ith columns of the estimated
homography matrix H.

From Equation (10.8) and since we already know the rotation matrix, we
can define the translation vector as

t “ qζpWq ph3 ´ h1 ˆ h2q . (10.34)

Note that as a result of the application of a pre–defined transformation
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Algorithm 10.1 Robust Solution for the Minimal General Absolute Pose
Problem – Section 10.1.1.

1 Compute the additional transformation parameters R: and t: using
Equations (10.1). Using Equations (10.1) and (10.2) we compute the

coordinates of the points qppWq
i and qΠ

pWq
;

2-4 Compute the Algorithm 9.1, steps 1 to 3;

5 For each set of tα1,α2,α3u, compute the estimates for the homography
matrix as described in Equation (10.18); get the parameters R and t
from Equations (10.33) and (10.34) respectively. To conclude, recover
the pose using Equation 10.35.

to the data set, the rotation and translation defined by the decomposition of
the homography matrix will not represent the pose of the camera. We have
to take into account the transformation defined by R: and t:. Consequently,
we define the pose parameters by the rotation matrix Rout and translation
vector tout, such that

Rout “ RR: and tout “ Rt: ` t. (10.35)

10.2 Algorithms

In this section we describe the algorithms for the second proposed formulation
for the minimal absolute pose problem using general and central cameras.

The main step of the algorithms consists on the estimation of the points
where three quadrics intersect – for the general case; and the points where
two conic lines intersect – for the central case. The Algorithm 10.1 shows
the method for general camera models and the Algorithm 10.2 summarizes
the method for central cameras.
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Algorithm 10.2 Robust Solution for the Minimal Central Absolute Pose
Problem – Section 10.1.2.

1 Compute the additional transformation parameters R: and t: using
Equations (10.1). Using Equations (10.1) and (10.2) we compute the

coordinates of the points qppWq
i and qΠ

pWq
;

2-3 Compute the first and second steps of the Algorithm 9.2;

4 Compute the points where the two conic lines intersect. Using a simple
derivation of the method proposed in Appendix C.2:

(a) Get the polynomial equations Φ4rqα3s, Φ5rqα3s, Φ6rqα3s, Γrqα3s and
Φ7rqα3s using Equations (C.6) to (C.8) - using the coefficients of
the conic lines;

(b) Compute the roots of the polynomial Φ7rqα3s and set the qα3 equal
to the roots. Using Φ4rqα3s and Γrqα3s, compute qα2 using Equation
(C.6).

(c) Recover the set of unknowns tα1,α2,α3u, using the Equa-
tion (10.32).

We note that this method computes the roots in closed-form;

5 For each set of tα1,α2,α3u, compute the estimates for the homography
matrix as described in Equation (10.25); get the parameters R and t
from Equations (10.33) and (10.34) respectively. To conclude, recover
the pose using Equation (10.35).



Chapter 11

Experiments

In this section we evaluate the proposed methods against the state–of–the–
art algorithms. For experiments with both central and non-central camera
configurations, we consider synthetic data-sets. The following parameters are
analyzed: the numerical errors; number of solutions; and computation time.
In addition, to measure the robustness of each method, we consider three
critical configurations of the non-central cameras, namely: two linear cameras
and one orthographic camera. We compute the pose for configurations close
to these cases.

For the case of general (non-central) cameras there is no comparison be-
tween the previously published methods. As a result, we compare the al-
gorithms proposed in this thesis, against both Nistér & Stewénius [Nis04a,
NS07] and Chen & Chang [CC02, CC04a] algorithms in terms of numerical
accuracy, number of solutions, computation time and robustness.

With the exception of computational effort, the results for both the meth-
ods proposed in this thesis are very similar. As a result, for the numerical
accuracy, number of solutions and the tests of robustness, we only display the
results corresponding to the second formulation. For the method proposed
in this thesis, we consider both the case where matrix N is computed using
the singular value decomposition and the case where matrix N is computed
using the analytical approach derived in Appendix B.

For that purpose we consider a cube with 200 units of side length. For
the data-set generation, we consider lines defined by a point and a direction.
Three points that belong to the line xpCq

i were defined (inside that cube).

Random directions dpCq
i were computed where, without loss of generality,ˇ̌

ˇdpCq
i

ˇ̌
ˇ “ 1. Three depths λi are randomly generated (with values ranging from

20 to 500) and the coordinates of the 3D points in the camera coordinates ppCq
i

are computed using Equation (8.1). A rigid transformation was randomly

75
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generated (R P SO p3q and t P R3). The rigid transformation generated

was applied to the set of points such that ppCq
i ÞÑ ppWq

i . For the data-set!
lpCq
i ,ppWq

i

)
the pose is estimated using the corresponding algorithms. Note

that we can easily get the Plücker coordinates from a point and a direction
[PW01], as

lpCq
i

.“
´
dpCq
i ,mpCq

i

¯
“

´
dpCq
i ,xpCq

i ˆ dpCq
i

¯
. (11.1)

This procedure is repeated for 106 trials where, for each trial, a new pose
and data are randomly generated.

In addition, we also consider the case of central cameras. We considered
the state–of–the–art algorithm proposed by Kneip et al. [KSS11], which
computes the pose in closed-form. The general method proposed by Nistér
and Stewénius [Nis04a, NS07] has a variation for central cameras which can
also be computed in closed-form. We also considered this method. For
the method proposed in this thesis, we consider both the case described in
Section 10.1.2 – Algorithm 10.2, and the general case, Section 10.1.1 – Algo-
rithm 10.1. For the general case – Algorithm 10.1, we consider that matrix
N is estimated by using the singular value decomposition. For the central
case – Algorithm 10.2, we consider that the matrix M is estimated by using
both singular value decomposition and using the analytical solution derived
in Appendix B. The last case computes pose in closed-form as Kneip et al.
and Nistér and Stewénius methods.

For the computation of the data-set, we consider a static camera with in-
trinsic parameters given by matrix K P R3ˆ3 [HZ00]. We randomly generate

three image points upIq
i (the superscript pIq represents the image space). Us-

ing the camera matrix K, we estimate the directions dpCq
i which correspond

to the image points upIq
i

dpCq
i R “ K´1upIq

i . (11.2)

Without loss of generality, we consider
ˇ̌
ˇdpCq

i

ˇ̌
ˇ “ 1. We randomly generate

three depths λi with values ranging between 20 to 500 units. Using this
depths, we compute the world points in the camera coordinate system ppCq

i “
λid

pCq
i . To conclude, a rigid transformation was randomly generated (R P

SO p3q and t P R3) and applied to the 3D points such that ppWq
i “ RppCq

i `t.

The generated data-set
!
dpCq
i ,ppWq

i

)
, for i “ 1, 2, 3, is used to estimate the

pose, using the correspondent algorithms.
This procedure is repeated for 106 trials where, for each trial, a new pose
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Figure 11.1: In this figure we show the numerical distribution of the errors and
the distribution of the number of solutions for general (non-central) camera models.
The proposed method is compared against the state–of–the–art algorithms proposed
by Nistér and Stewénius at [Nis04a, NS07] and by Chen and Chang at [CC02,
CC04a]. For our method, we consider both the case where the null-space of N
is computed using singular value decomposition, denoted as Our - NSVD; and the
case where we use the analytical solution developed in Appendix B, denoted as Our
- NCF.

and data are randomly generated.

In the following sections we describe: the metrics used in the numerical
accuracy tests; the experiments that evaluate the number os solutions; and
describe the computation effort required by all the proposed algorithms.

11.1 Numerical Errors

For each of the 106 trials, we compute the estimated poses pRout, toutq using
the algorithms mentioned. From the set of possible solutions, we eliminate
the solutions that do not fit the problem, using the distance from the esti-
mated solutions to the ground-truth rotation and translations pRgt, tgtq.

For each one of the trials we evaluate the error on the rotation parameters
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Figure 11.2: In this figure we show the numerical distribution of the errors and
the distribution of the number of solutions for central camera models. The proposed
method is compared against the state–of–the–art algorithm proposed by Kneip et
al. [KSS11] and the variation Nistér and Stewénius at [Nis04a, NS07] for central
cameras (can be solved in close–form). For the algorithm proposed in this article:
we consider the case when the null-space of the matrix M is computed using the
closed-form solution – Apendix B, denoted as Our - Closed-Form; and the case
when the null-space is computed using the singular value decomposition, denoted as
Our - MSVD. In addition, we consider our general case – used in the experiments
of Figure 11.1, denoted as Our - General.

by computing ϵ, such that

ϵ “
b`

θ1gt ´ θ1out
˘2 `

`
θ2gt ´ θ2out

˘2 `
`
θ3gt ´ θ3out

˘2
(11.3)

where
`
θ1gt, θ

2
gt, θ

3
gt

˘
and pθ1out, θ2out, θ3outq are the ground–truth and estimated

rotation angles, for each of the 106 trials. The numerical error for the trans-
lation is computed using the norm of the vector tout ´ tgt.

The distribution of the numerical errors on the value of the rotation and
translation are shown in Figures 11.1 and 11.2 for the general (non-central)
and for central camera models respectively.
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11.2 Number of Solutions

In Figures 11.1 and 11.2 we show the results in terms of number of solutions,
for the general (non-central) and central camera models respectively.

To eliminate abnormal solutions, it is usual to consider the constraint that
points should be in front of the camera or in the ”positive direction” in the
case of non-central cameras. In the framework of generalized camera models,

we consider this constraint as dpCq
i

T
´
ppCq
i ´ xpCq

i

¯
ą 0 for i “ 1, 2, 3, where:

ppCq
i is the ith estimated point in the camera coordinate system; and xpCq

i is the
ith point in the camera coordinate system that defines the forward/positive
direction. In the experiments, we denote this constraint as the “Orientation
Constraint”.

11.3 Computation Time

We have implemented all the algorithms in Matlab using a Intel core i7–
3930k with a 3.2GHz processor. All the three methods required a set of
algebraic transformations. However, in this section we will consider only
the steps that require the most significant computational effort, which corre-
spond to iterative procedures such as eigen decompositions or singular value
decompositions.

The analysis of the computation time is divided into two sections: central
and non-central cases. All the computation times that are shown in the
chapter were computed as the median of the respective computation times,
for all the 106 trials.

General (Non-Central) Case

As stated in the corresponding papers, most of the computational effort for
both Nistér & Stewénius and Chen & Chang methods is spent on finding the
roots of the eight degree polynomial equations. To compute the roots, and
considering speed and accuracy, the companion matrix method was suggested
by both Nistér & Stewénius [Nis04a, NS07]; and Chen & Chang [CC02,
CC04a] authors. The companion matrix corresponds to the computation of
a eigen decomposition of a 8 ˆ 8 matrix. Using this method, we were able
to compute the roots in 43µs. However, we remark that there are faster
algorithms than the companion matrix methods, as for example, the Sturm
sequences [Nis04a, NS07, Nis04b].
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In addition and as we mentioned in Chapter 8, for Chen & Chang algo-
rithm the computation of a singular value decomposition (in this case of a
3 ˆ 3 matrix) is necessary, which takes 19µs for each valid solution – esti-
mation of the rotation and translation parameters from two set of three 3D
points.

In the case of the second formulation of the method proposed in this
thesis and as was derived by Guo at [Guo12], the intersection of quadrics is
computed by determining the roots of a eight degree polynomial equation.
Using the companion matrix as the previous methods, it takes 43µs to solve
the roots. However, a very simple and easy to implement approach can also
be used, based on the representation of the problem using the polynomial
eigenvalue [KBP12b]. This approach requires the computation of an eigen
decomposition of a 14 ˆ 14 matrix – see Appendix C.1, that takes 67µs – we
used this minimal solver in the experiments. In our case, we consider two
possibilities for the estimation of the null-space of the matrix N, namely by
using the singular value decomposition or by using a closed-form analytical
solution – Appendix B. The time spent on the computation of the null-space
is 40µs, when using the singular value decomposition.

For the first method proposed in this thesis, we have to take into ac-
count the computation effort spent on the decomposition of the homography
matrix. If we use the approach proposed in [MSKS04], it requires an eigen
decomposition of a 3 ˆ 3 matrix which takes 19µs. We note that there are
other methods that can perform this decomposition faster [MV07].

The Case of Central Cameras

For the case of central cameras and considering the second formulation pro-
posed in this thesis, we consider both the computation of the null-space of
the matrix M using eigen decomposition and the analytical closed-form so-
lution derived in Appendix B. If we consider the first case, we have to take
into account the computation time spent on the estimation of a eigen de-
composition of a 9 ˆ 9 matrix, which requires 33µs. On the other hand and
since the computation of the conic lines can be performed in closed-form –
see Appendix C.2, if we use the analytical solution to estimate the basis of
the null-space, all the algorithm can be implemented based on closed-form
expressions.

The methods proposed by Kneip et al. [KSS11] and the variation for
central cameras of the method proposed by Nistér and Stewénius at [Nis04a,
NS07] estimate both the rotation and translation parameters directly and in
closed-form.
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Figure 11.3: In this figure we show the analysis of the error for data with noise.
We consider the Noise variable as the standard deviation of three random noise

vector npWq
i and compute the pose using the data-set

!
lpCq
i , qppWq

i

)
, where qppWq

i “

ppWq
i ` npWq

i . For each value of the Noise, we use 103 trials and the errors are
computed as the median of all the errors. As it can be seen from the figures, the
four plots overlap, which means that the errors are modeled only by the noise.

11.4 Experiments with Noise

As was emphasized and discussed by Nistér and Stewénius [NS07], for ex-
periments with noise, solutions to the minimal problems yield similar results
which means that these tests are not relevant for comparison. If both the
problem formulation and minimal solver are right, the solutions must be the
same (in number and value). If we add noise to the data, and since the so-
lutions must be the same, errors in rotation and translation estimates must
be the same. If we plot the errors as a function of noise, the plots for the
four methods should overlap. However, to see the effects of the noise on the
general minimal absolute pose, we add noise to the 3D world points and plot
the errors. The results were obtained for the general (non-central) case. The
results of the errors for rotation are shown in Figure 11.3.

For experiments with real data, the same analysis can be made.

11.5 Critical Configurations

We consider following critical cases: orthographic configuration (affine cam-
era) [HZ00] where the pose is degenerate – there is an infinite number of
solutions; the classical linear pushbroom configuration [GH97, HZ00] (Chen
& Chang in [CC04a] state that these camera models can not be handled by
their general method) – these types of cameras are used in a wide variety of
applications that go from CT to satellite imaging; and the X-Slits cameras
[Kin92, ZFPW03] – used in photography to create new images.
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In this section we analyze the stability and robustness of the proposed
algorithms when dealing with these three types of configurations. The anal-
ysis considers the behaviors of the algorithms in a range of configurations
that approach the critical cases. For that purpose, we consider the same
procedure for data-set generation previously defined. However, instead of
considering general directions and points: dpCq

i and xpCq
i , we constrain the

random data to the proposed critical configurations. We compute three vec-
tors vpCq

i with random directions and norms randomly distributed according
to a gaussian distribution with standard deviations defined by the variable
called Distance from Critical Case. The 3D points in the camera coor-
dinates are then given by ppCq

i “ λi
qdpCq
i ` xpCq

i , where qdpCq
i “ dpCq

i ` vpCq
i .

As the variable Distance from Critical Case goes from one to zero,
the configuration approaches the critical case. From each value of this vari-
able, we compute the median from 103 trials. If in some trial the algorithm
fails, we ignore that trial and randomly generate a new one. This procedure
is repeated until 103 trials with estimates are obtained. The results are shown
in Figure 11.4. In addition to the errors in the rotation and translation pa-
rameters, we show the number of failures generated by each algorithm in the
process of getting 103 trials with estimates for the rotation and translation.
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(d) Rotation and translation errors and number of failures as a function of Distance from

Critical Case for Orthogonal cameras – Figures (a).
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(e) Rotation and translation errors and number of failures as a function of Distance from

Critical Case for Pushbroom cameras – Figures (b).
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(f) Rotation and translation errors and number of failures as a function of Distance from

Critical Case for X-Slit camera models – Figures (c).

Figure 11.4: In this figure we evaluate the stability and robustness of the pro-
posed algorithms. We consider the algorithms that we used in previous tests, for
general camera models. For that, we consider three critical cases: orthogonal con-
figuration (a) and (d); pushbroom cameras (b) and (e); and X-Slit cameras (c) and
(f). To analyze the stability and robustness by computing the errors in rotation
and translation parameters that define the pose as a function of a Distance from

Critical Case – see the Section 11.5. Note that the errors are shown in a 10-base
representation. The errors are computed as a median of 103 valid trials. Close to
critical cases it is possible that some algorithms fail to compute a solution. As a
result, and for each algorithm, we show the number of failures that we get until
103 valid trials are obtained.
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Discussion

In this chapter we analyse and discuss the experimental results of Chapter 11.
We consider both the analysis for the general and the central cases.

12.1 Analysis for the General Case

In terms of the number of solutions – Figure 11.1, before and after the ap-
plication of the orientation constraint, as expected, the results are similar
for the three methods – the algorithm proposed in this thesis and both the
Nistér & Stewénius and Chen & Chang methods. As a result, this compar-
ison does not bring additional information concerning the relative merits of
the algorithms. Thus, in this section we discuss the experimental results in
terms of numerical accuracy, computational effort and robustness to critical
configurations.

Numerical Accuracy

In terms of numerical accuracy – Figure 11.1, it can be seen that the three
algorithms perform similarly. We note that our method performs slightly
better when taking into account the variation of the distribution of the errors
– specially for the case where the matrix N is computed using singular value
decomposition. The algorithm proposed by Nister & Stewénius performs
slightly worse, specially due to a larger variation on the distribution of the
numerical errors.

Computational Effort

In terms of computational effort, the algorithm proposed by Nistér &
Stewénius and the second method proposed in this thesis gives the rota-
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Methods: Nistér & Stewénius Our – NCF* Our – NSVD* Chen & Chang

Times 43µs 43µs 83µs 43 ` K19µs

Table 12.1: In this table we summarize the analysis of the main computational
effort required in the main computation steps of the proposed algorithms. K –
represents the number of valid solutions given by the algorithms. The * symbol
means that it corresponds to the computational effort of the minimal solver that
uses the companion matrix. We note that for our method, other minimal solvers
can be used.

tion and translation parameters directly. The main computation steps of
these two algorithms are the computation of the eight solutions: estimation
of the roots of an eighth degree polynomial equation; and finding the points
where three quadrics intersect, respectively. In the experiments and because
of its simplicity and easiness, for our method, we used an approach based on
polynomial eigenvalues. This approach is slower when compared with com-
panion matrix, which is used by Nistér & Stewénius. However, as shown by
Guo at [Guo12], it is possible to derive a solution for the intersection points of
the quadrics estimating the roots of an eighth degree polynomial equations.
As a result, our method can also be computed using the companion matrix as
Nistér & Stewénius, which means that it takes the same computation effort.

We note that for the second formulation of the method proposed in this
thesis, we give two possibilities for the estimation of the null-space of the
matrix N P R9ˆ10 – Equation (10.14), namely: an analytical solution derived
in Appendix B; and using the singular value decomposition. The first ap-
proach (analytical) does not add computational effort and, as a result, keeps
the same computational effort as the Nistér & Stewénius method. However,
the second case (singular value decomposition) slows the method in 40µs.

The main computation step of the method proposed by Chen & Chang is
also the estimation of the roots of an eight degree polynomial equation. How-
ever and since the method estimates the 3D points in the camera coordinate
system and since the pose is given by the rotation and translation parameters
– that define the transformation between the world and camera coordinate
systems, it requires the computation of a singular value decomposition of each
valid solution (up to eight), which takes 19µs.

To conclude the analysis of the computational effort, we summarize the
previous paragraphs in the Table 12.1. From the table, we note two aspects:
our method using the analytical solution for the null-space of N as the same
computational effort as the fastest method; our method using the singular
value decomposition is faster than Chen & Chang method for the case where
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K ą 2 which, according to Figure 11.1, happens in most of the cases.

Critical Configurations

Let us consider the general calibration processes. For any specific camera
model it is expected that, due to noise, the 3D straight lines generated by
the general camera models do not fit the underlying camera geometry. For
instance, when we calibrate a perspective camera with noisy data and using
general methods such as [GN01, GN05, SR04] or even the method proposed
in this thesis –Part II, the probability of the lines intersecting at a single
point is very small – even zero. However, depending on the quality of the
calibration data and calibration procedure, all the 3D lines must pass close
to a common point.

The same ideia can be applied for instance for X-Slit cameras – Fig-
ure 11.4(c). If we have noise data and use general calibration procedures,
the 3D lines generated from the general camera model will not pass through
the two slits that define the camera geometry. However and again depending
on the quality of the calibration, they must pass close to these slits.

If we consider Pushbroom cameras – Figure 11.4(b), the same idea is
applied. With noisy data, the 3D lines will not pass through the line of
motion nor belong to the instantaneous view plane.

Since the minimal data does not fit the underlying camera geometry,
general methods for the pose must be used. Thus, the minimal absolute pose
problem for general camera models must work properly for the cases where
the configurations are close to these specific camera models as it should work
in general case – where lines are randomly generated. Moreover, when we
consider classic configurations such as the linear cameras.

As a result of what was described in previous paragraphs, we evaluate the
robustness of the method poposed in this thesis against the state–of–the–art
methods – Section 11.5, when considering configurations that approximate
X-Slit and Pushbroom camera models. As we can see from the results, our
method behaves significantly better than the sate–of–the–art method in al-
most all the tests. In fact, the results from our method almost do not suffer
any changes. The results are more convincing when compared with the Nistér
& Stewénius method – we have a difference on the median of the errors up
to 1013 better; and we had to stop to run the Nistér & Stewénius algorithm
earlier because of the high number of failures. When comparing with Chen
& Chang method, the results are not as significant as when compared with
Nistér & Stewénius algorithm. However, from the experiments we see that
our algorithm performs better, with a difference on the median of the errors
up to 103.
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Other configurations using different types of linear cameras were tested
and the results were very similar to the configurations studied in Section 11.5.

Note that when the distances between the three 3D points and the imag-
ing device increases, we are becoming close to the “weak perspective” – or-
thographic camera [HZ00]. Thus, in addition to the previous defined critical
configurations, we consider configurations close to the orthographic case – a
degenerate case. The pose problem should have an infinite number of so-
lutions when considering an orthographic configuration and, as a result, the
algorithms should fail.

To evaluate the robustness of the methods in this degenerate case, we
tested the algorithms with configurations close to the degenerate case. From
the experiments and considering the case where matrix N is computed us-
ing the singular value decomposition, we see that our algorithm is the most
robust. The median of the numerical errors for the proposed algorithm are
up to 106 better. When our method has a median of the error close to one –
for the translation, the other methods have values close to 106 for the errors,
which is a very significant difference. As a result, we can conclude that our
method performs significantly better wen compared with the state–of–the–
art algorithms. However, when using the proposed analytical solution to the
null-space of N, the results are not as good as when using singular value
decomposition. Moreover and in most cases, the approach performs slightly
worse than the state–of–the–art method. We also note that other solutions
for the analytical null-space can be derived, which can improve these results.

To conclude, we see that the method proposed in this thesis is significantly
more robust than the state–of–the–art algorithms.

12.2 Analysis for the Central Case

One of the goals of this dissertation was to derive a new solution for the
general case. Under this assumption, the analysis of the central case is a
special configuration. From the analysis of the numerical errors and number
of solutions, Figure 11.2, we see that the general method performs similarly
to the Nistér & Stwénius and to the state–of–the–art method for central
cameras proposed by Kneip et al.

However, in Section 10.1.2, we proposed a derivation of the method pro-
posed in Section 10.1.1, for the specific case of central cameras. From Fig-
ure 11.2, we see that this method performs similarly to the state–of–the–art
methods in terms of both the numerical errors and the number of solutions.
In terms of computation time, we also see that this method can be computed
in closed-form, similarly to the state–of–the–art algorithm of Kneip et al.
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Chapter 13

Introduction

As we already described, the problem of pose computation consists on the
estimation of six parameters (rotation and translation) that define relative
position and orientation between the world and camera coordinate systems.
A common approach is to use a set of correspondences between 3D points
in the world coordinate system and pixels in the image. Using the imaging
model, the image pixels are associated to straight 3D lines in the camera
coordinate system – Section 2.1, and pose is computed using the incidence
relation between 3D points and correspondent lines. In this part, we study
the non-minimal case, where more than three 3D points of known coordinates
and their correspondent images are assumed to be known.

Most of the methods described in the literature were derived for the case
of central camera models, eg. [MNLF07, ACB98, HR11, LHM00, AD03].
However, non-central cameras have also been subject of a significant volume
of research specially due to their wide field of view, image resolution, and also
because they model new imaging systems. Significant part of the research
concerns camera systems where reflections and/or refractions occur. In this
paper we address the pose problem for the case of general camera models
– Section 2.1. Usually, pose in this kind of systems is estimated using 3D
points whose coordinates in world reference system are known and their
corresponding pixels, as it is the case of the approaches described in [CC04b,
SP08].

The determination of point correspondences (in this case between 3D
points and their images) is still a difficult problem and current solutions
are error-prone. In this paper we want to avoid this procedure by using
coordinates of 3D lines defined in the world coordinate system, instead of 3D
points.

When considering non-central cameras, several models exist. For in-
stance, non-central catadioptric cameras using quadric mirrors [SGN06] or
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multiple planar mirrors [GN99]. Yet another example is the case of cameras
where refraction has to be dealt with [TSKS12]. The goal of this paper is to
describe a solution for the pose, within the framework of the generalized cam-
era model. For that purpose, we use the generalized camera model (GCM)
as proposed in [GN05] and described in Section 2.1. In this part, we refer to
each 3D straight line, associated to each image pixel, as “projection line”.

13.1 Our Approach

Let us consider a 3D straight line with known coordinates. Using any imaging
device, the image of this line is made up by a set of image pixels. Depending
on the complexity of the imaging system, this set of pixels can consist on a
non-continuous curve in the image plane. On the other hand, if the imaging
system is smooth the association between pixels and “projection lines” is
smooth – see Part II, and the curve in the image must be continuous. As
a result and since we are considering the general case, we do not take into
account any geometric constraints between pixels corresponding to the image
of the same 3D straight line (expressed in the world coordinate system). We
only assume that we have a set of pixels whose coordinates are known and
which correspond to a given 3D straight line.

Using this framework we propose an analytical solution for the pose prob-
lem. The solution is based in the following two observations:

• It is well known that we can determine the 3D coordinates of a straight
line from the coordinates of four or more incident skewed lines [TM99]
– see Figure 14.1. As a result and since we are interested in the general
case (where the “projection lines” are unconstrained), from four or more
image pixels (corresponding to the same 3D straight line) and their
correspondent “projection lines”, we can hence estimate the coordinates
of the 3D straight line in the camera coordinate system.

• Using the coordinates of the 3D lines estimated in the camera coordi-
nate system and since we know the coordinates of the same lines in the
world reference frame, the pose is computed by finding the parameters
of the rotation and translation that define the transformation of the
lines from the world to the camera coordinate system.

Analytical solutions are useful as a result of their computational speed
but, in general, they generate good quality estimates only in the case of
noiseless data. However, and in the case of noisy data, those estimates can
be improved by means of a non-linear optimization.
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13.2 Notations

In this section, we create two notations that will be usefull in the next chap-
ters.

13.2.1 Intersection of Lines

3D straight lines have four degrees of freedom. There are many ways to
represent 3D lines. We use the six-tuple Plücker coordinates – Section 3.2.1,
G

.“ pg, qgq Ă R6, where g P R3 and qg P R3 are respectively the direction
and moment of the line G. One of the main advantages of the use of Plücker
coordinates is the possibility of dealing with incidence relations [PW01]. Let

us consider two lines G
.“ pg, qgq and H

.“
´
h, qh

¯
. They intersect if and only

if

Ω pG,Hq “ 0 ô g ¨ qh ` qg ¨ h “ 0. (13.1)

13.2.2 Rigid Transformation Applied to Lines

Let us consider the rigid transformation between the world and camera co-
ordinate systems defined by the rotation R P SO p3q and translation t P R3.
Using lines represented in Plücker coordinates as GpWq .“

`
gpWq, qgpWq

˘
and

GpCq .“
`
gpCq, qgpCq

˘
– for the same line represented in the world and camera

coordinate systems respectively. According to Result 3.1 derived in Sec-
tion 3.3.1, it is possible to define the linear operator

GpCq .“ Ψ
`
GpWq

˘
, (13.2)

such that
«

gpCq

qgpCq

ff

„

«
R 0

E R

ff«
gpWq

qgpWq

ff

, and E
.“ ptR. (13.3)

Note that matrix E
.“ ptR is known as the essential matrix [HZ00, MSKS04].
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Formalization

Let us consider the problem of pose as the determination of the rotation and
translation parameters that define a specific rigid transformation. Using the
framework of generalized imaging systems, the image of any 3D straight line
is a non-parametric curve in the image plane. Depending on the smoothness
of the imaging system, the curve can be continuous or discontinuous. As a
result, we consider that we have a set of pixels that belong to the image of a
3D straight line. Since we consider that the camera is calibrated (according to
the GCM), we know the coordinates of the associated “projection lines” (for
the above mentioned pixels), in the camera coordinate system. In addition,
we know that these “projection lines” must intersect the correspondent 3D
straight line in the camera coordinate system.

We consider lines represented in Plücker coordinates – Section 3.2.1. We
denote the ith known 3D straight lines, in the world coordinate system, as

G
pWq
i

.“
´
gpWq
i , qgpWq

i

¯
. The jth “projection line” associated with the jth pixel

of the ith 3D straight line is denoted by H
pCq
j,i

.“
´
hpCq
j,i ,

qhpCq
j,i

¯
, in the camera

coordinate system. A scheme of this representation is shown in Figure 14.1.

14.1 Analytical Solution for the Pose

Analytical solutions for the pose are very important because they are com-
putationally fast and also because they allow better insights of the problem.
In many cases – as in the case of the “complete” method proposed forward in
this chapter, these solutions are also used as the first estimates for an iterative
refinement. In this section we derive an analytical solution for the estimation
of both the rotation R0 P SO p3q and translation t0 P R3 parameters that
define the pose for general non-central cameras.
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Gi

H1,i

H2,i

H3,i

H4,i

Figure 14.1: In this figure we show an example of the intersection between a
world line Gi and four “projection lines” Hj,i, for j “ 1, . . . , 4.

From the constraint that ensures that two lines intersect – Equa-
tion (13.1), and for five or more “projection lines” (HpCq

j,i for j “ 1, . . . , Ni,

where Ni ě 5 ) that are incident with the 3D straight line GpCq
i in the camera

coordinate system – see Figure 14.1, we define the following algebraic relation
»

———–

qhpCq
1,i

T
hpCq
1,i

T

...
...

qhpCq
Ni,i

T
hpCq
Ni,i

T

fi

ffiffiffifl

looooooooooomooooooooooon
Ai

«
gpCq
i

qgpCq
i

ff

“ 0, (14.1)

where Ai P RNiˆ6. Thus, we can conclude that
´
gpCq
i , qgpCq

i

¯
„ null pAiq . (14.2)

For data with noise, matrices Ai will generally have rank pAiq “ 6 which
means that there will be no direct solution for Equation (14.2). However, a

solution can be computed in the least-squares sense. Note that line G
pCq
i can

be represented up to a scale factor. As a result, it is easy to see that the
solution for the coordinates of this line can be computed non-iteratively by
computing an inverse of a 5 ˆ 5 matrix.

We also note that for noisy data, the solution for GpCq
i may not verify the
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Klein quadric constraint: gpCq
i ¨ qgpCq

i “ 0. However, we note that there exist
Plücker correction algorithms to recover the coordinates meeting the Klein
quadric constraint [BS05].

Let us now assume that we have M 3D straight lines in the world coordi-
nate system. For each one of them, we have five or more “projection lines”
– Ni ě 5, for i “ 1, . . . ,M . We can compute line coordinates G

pCq
i using

Equation (14.2), for all i.

Note that for all the estimated coordinates of the 3D straight lines GpCq
i ,

we know the correspondent coordinates in the world coordinate system G
pWq
i .

As a result, the rotation and translation parameters can be estimated such

that all the set
!
G

pCq
i Ø G

pWq
i

)
verifies the transformation defined in Equa-

tion (13.2).

Let us consider the matching between directions
!
gpCq
i Ø gpWq

i

)
. From

Equation (13.3), we can see that the rotation matrix must verify

gpCq
i „ R0g

pWq
i , @i “ 1, . . . ,M. (14.3)

which means
”
gpCq
1 . . . gpCq

M

ı

loooooooooomoooooooooon
P1PR3ˆM

„ R0

”
gpWq
1 . . . gpWq

M

ı

looooooooooomooooooooooon
P2PR3ˆM

(14.4)

The rotation matrix R0 can be estimated solving the procrustes problem
[Sch66], which can be solved by computing a Singular Value Decomposition
of a 3 ˆ 3 matrix. We note that, since we are dealing with 3 ˆ 3 matrices,
there exists analytical solution for the SVD. Moreover, we also ensure that
the solution for the rotation matrix R0 belongs to the space of orthonormal
matrices.

From the second row of Equation (13.3) and since qgpCq
i ˆ qgpCq

i “ 03, we
can define the following algebraic relation:

qgpCq
i ˆ qgpCq

i “
´

´pt0R0g
pWq
i ` R0qgpWq

i

¯
ˆ qgpCq

i “ 03. (14.5)

Since R0 was already computed and using any symbolic toolbox, we derive
the following algebraic relation

Bit0 “ bi (14.6)
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where Bi P R3ˆ3 and bi P R3. For i “ 1, . . . ,M , we have

»

—–

B1

...

BM

fi

ffifl

loooomoooon
B

t0 “

»

—–

b1

...

bM

fi

ffifl

looomooon
b

(14.7)

where B P R3Mˆ3 and b P R3M . The solution for t0 can be computed
using t0 “ B:b, where B: represents the pseudo-inverse of B. Note that
also B: can be computed in closed-form, which means that t0 can be solved
analytically too.

14.2 Degenerate Cases

In this section we analyze the degenerate cases that arise from the analytical
approach described in the previous section. Two important issues must be
taken into account:

1. Cases where the coordinates of the 3D straight lines in the camera
coordinate system can not be estimated from the “projection lines” –
that is related to Equation (14.2);

2. The procrustes problem can not be solved, Equation (14.4).

Let us consider the first case. This degenerate case happens when matri-
ces Ai – from Equation (14.1), have rank smaller than five. We note that the
rank of these matrices depend on the coordinates of the “projection lines”.
As a result, it depends on both the coordinates of the curves in the image and
on the underlying geometry of the imaging device. To have rank pAiq “ 5,
it is straightforward to see that at least five “projection lines” are required.
We note, however, that five points is not the minimal case. Lines in space
have four degrees of freedom and there exist other approaches to estimate
the 3D straight line from four skewed lines, eg. [TM99]. For simplicity, we
use the formulation proposed in Equation (14.1).

For general non-central cameras, the configuration is not degenerate. On
the other hand, for central cameras the “projection lines” that are used to

define G
pWq
i Ø

!
H

pCq
1,i , . . . ,H

pCq
Ni,i

)
will define a plane in the world. As a

result, it is not possible to estimate G
pCq
i . We also note that even in non-

central cases – where in general lines can be reconstructed, there are some
3D straight lines that, because of their configuration, can not be recovered.
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Consider, for instance, the catadioptric systems formed with a perspective
camera and an axial symmetric mirror. In this case and if the line is incident
on the axis of symmetry, the “projection lines” will define a plane, which
means that the 3D straight line can not be recovered. Other degenerate
configurations associated to the coordinates of the “projection lines” were
identified in [TM99].

Let us now consider the second type of degenerate cases. From [Sch66],
the procrustes problem has a solution if and only if both P1 and P2 – from
Equation (14.4), have rank equal to three. The columns of these matrices
depend on the coordinates of the directions of the known 3D lines in the
world, which means that they must form a three dimensional column space.
From this analysis, we can conclude that the 3D straight lines used can not
be parallel – in this case rank pPiq “ 1, for i “ 1, 2; also they can not belong
to a single 3D plane, in which case rank pPiq “ 2, for i “ 1, 2.

14.3 Non-Linear Optimization

For each and all of the M 3D straight line – ith line, and the associated jth

“projection line”, the following constraint must be verified

Ω
´
G

pCq
i ,H

pCq
j,i

¯
“ 0, @j. (14.8)

Note that for this constraint, the lines must be represented in the same coor-
dinate system. We consider the camera coordinate system which means that
the coordinates of GpCq

i are unknowns. However, we know the coordinates of

the 3D straight lines in the world coordinate system G
pWq
i . Applying the rigid

transformation as suggested in Section 13.2.2 – note that this transformation
defines the pose; the constraint defined in Equation (14.8) can be rewritten
as

Ω
´
Ψ

´
G

pWq
i

¯
,H

pCq
j,i

¯
“ 0, @j. (14.9)

The unknowns of these constraints are only the parameters that define the
pose. Thus, developing the Equation (14.9) using Equations (13.1) and (13.3)
we derive

ci,j ¨ v “ 0. (14.10)
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The vector ci,j P R18 is known and v P R18 is such that

v “ pr1, r2, . . . , r9, e1, e2, . . . , e9q , (14.11)

where ri and ei are the nine individual elements of the matrices R and E
respectively.

From Equation (14.10) and (14.11), we see that we have eighteen un-
knowns. However, these unknowns are not linearly independent. From the
properties of the rotation matrix R P SO p3q, we have

RTR “ I ñ RTR ´ I “ 0, (14.12)

which correspond to nine constraints. We note that these constraints are not
all linearly independent too, [AD03]. In the general case, there are only six
which are linearly independent.

Moreover, additional constraints must be taken into account from the
essential matrix E. We know that E

.“ ptR, which means that

ERT “ pt RRTloomoon
I

“ pt. (14.13)

Matrix pt must be as Equation (3.1). Thus, we can define six constraints to
the product ERT .

Adding the six constraints derived from Equation (14.13) to the previous
six linearly independent constraints derived from Equation (14.12), we get
twelve constraints. Thus, the problem defined by Equation (14.10) subject
to the constraints derived in Equations (14.12) and (14.13) has six degrees
of freedom – that corresponds to the six degrees of freedom from the pose
problem.

The constraints derived by Equations (14.12) and (14.13) are quadratic
constraints and can be represented as

vTKlv “ kl, for l “ 1, . . . , 15, (14.14)

where kl is zero or one, depending on the constraint equation.

To conclude, stacking all the ci,j (for all 3D straight lines and their asso-
ciated “projection lines”) into matrix C, the general pose using lines can be
obtained by solving the problem

min
v

||Cv||2

s.t vTKlv “ kl, l “ 1, . . . , 15.
(14.15)
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Algorithm 14.1 Solution for the Pose Using Lines for General Non-Central
Cameras.
Let us consider that we have a set i “ 1, . . . ,M where M ě 3 of lines in the world

coordinates G
pWq
i and that each of these lines is seen by Ni ě 5 image points,

where j “ 1, . . . , Ni. Let us assume that the camera is calibrated according to the
general camera model – Section 2.1.

1. Get the “projection lines” H
pWq
j,i from image pixels that define the lines,

using the General Camera Model;

2. Using the lines HpWq
j,i , compute the ith world line in the camera coordinates

G
pGq
i , using the algebraic relation defined in Equation (14.1) and (14.2).

Repeate this process for all i;

3. Get R0 solgin the procrustes Problem [Sch66] defined in Equation (14.4);
using R0, estimate t0 using Equation (14.7);

4. Using the initial estimates R0 and t0, optimize pose using the problem
defined by Equation (14.17).

Using Lagrange multipliers λl, we formulate the Lagrangian L pv,λq of this
problem as

L pv,λq “ vTCTCv `
15ÿ

l“1

λl

`
vTKlv ´ kl

˘
(14.16)

and the problem defined in Equation (14.15) can be rewritten as

max
λ

min
v

L pv,λq (14.17)

This problem is well studied in the literature. To solve it, we use the Matlab
optimization toolbox.

14.4 Algorithm

In this part we proposed a method to estimate the pose using lines, for
general non-central cameras. The Algorithm 14.1 summarizes, in four steps,
the analytical version derived in Section 14.1.



Chapter 15

Experiments

To evaluate and validate the methods and algorithms described, an experi-
mental analysis with both synthetic and real data was performed.

15.1 Synthetic Data

For synthetic data, we consider the following procedure. We randomly gen-
erate M 3D straight lines G

pCq
i . To get these lines we randomly generate

3D points rgpCq
i P R3 – in a cube with 200 units of side length; and random

directions gpCq
i – with norm equal to one. In this representation, any point

incident with the line can be expressed as rgpCq
i ` µig

pCq
i for some µi P R.

Using the 3D point and respective direction coordinates, we get the Plücker
coordinates such that

G
pCq
i

.“
´
gpCq
i , rgpCq

i ˆ gpCq
i

¯
. (15.1)

For more information see [PW01].

For each 3D straight line, we compute Ni “projection lines” H
pCq
j,i . We

randomly choose Ni parameters rµj – for j “ 1, . . . , Ni, and compute the

coordinates of the 3D points rhpCq
j,i “ rgpCq

i ` rµjg
pCq
i . Note that rhpCq

j,i belongs to

the line G
pCq
i . The set of parameters rµj is randomly chosen between ´100

and 100. The set of directions hpCq
j,i is randomly computed too. The Plücker

coordinates of the “projection lines” are then computed as

H
pCq
j,i

.“
´
hpCq
j,i ,

rhpCq
j,i ˆ hpCq

j,i

¯
. (15.2)

An example of the generation of both G
pCq
i and H

pCq
j,i is shown in Fig-
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Figure 15.1: In this figure we show two examples of the generation of the 3D

lines and “projection lines” in the camera coordinate system H
pCq
j,i – blue lines; and

G
pCq
i – red lines. In green we show the intersection points. In Figure (a), we show

an example of the general case. In the case of Figure (b) the directions of the
“projection lines” ensure that they pass close to each other – close to central.

ure 15.1(a).

Random ground truth rotations and translation parameters are computed
– Rgt P SO p3q and tgt P R3. We generate tgt in a cube with 200 units of side
length. Using these parameters, we get the Plücker coordinates of the 3D

lines in the world coordinate system as GpWq
i “ Ψ´1

´
G

pCq
i

¯
– Equation (13.3).

To conclude, pose is computed using the association between G
pWq
i Ø!

H
pCq
1,i , . . . ,H

pCq
Ni,i

)
, for all i. For each estimate tR, tu and ground truth data

tRgt, tgtu, we compute the six parameters that define the pose: three angles
for the rotation – radians; and three coordinates for the translation. For all
the pose parameters, we compute the distance between the ground truth and
the estimated parameters.

In many non-central cameras (such as non-central catadioptric cam-
eras with quadric mirrors) and despite the fact that they are non-central,
the“projection lines” pass close to each other. Note also that for the ana-
lytical solution derived in Section 14.2, the central case is a degenerate case.
Therefore it is important that the proposed method be evaluated for those
configurations. Instead of considering random directions for hpCq

j,i , we con-
strain those directions in order to to ensure that the “projection lines” pass
close to each other. The following procedure is applied: since we already
have the 3D coordinates of a point rhpCq

j,i that is incident on the line H
pCq
j,i ,

an additional point is enough to compute the coordinates of the direction;
since in addition we want that all lines pass close to each other, for each

“projection line” we compute a new point h
pCq
j,i P R3 randomly chosen in a
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(a) Evaluation of the proposed approach as a function of the Noise variable. We
consider the general case – Figure 15.1(a). For that purpose, we considerNi “ 40, @i
and M “ 10.
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(b) Evaluation of the proposed approach as a function of the number of 3D lines
used. We use Ni “ 40, @i and Noise variable with value equals to 20. Note that
three 3D lines is the minimal case for the proposed analytical approach.

Figure 15.2: In this figure we show the evaluation of the proposed method using
synthetic data. We consider the error for the six parameters that define the pose:
three rotation angles – radians; and three for the translation. In Figure (a) we
show the results as a function of the Noise variable. In Figure (b) we show the
results for different number of lines.

cube whose side length is defined by the variable Deviation from Central

Case. The directions are thus computed as

hpCq
j,i “

´
rhpCq
j,i ´h

pCq
j,i

¯N
ˇ̌
ˇrhpCq

j,i ´h
pCq
j,i

ˇ̌
ˇ
. (15.3)

Note that when the variable Deviation from Central Case tends to zero,
the camera model tends to be central. When it gets higher, it tends to
the general case. An example with Deviation from Central Case equal to
twenty is shown in Figure 15.1(b).

For the first evaluation, we consider data with noise. Instead of consid-
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(a) Similar to the case of Figure 15.2(a) but, instead of the general case, we consider
Deviation from Central Case variable equals to twenty – Figure 15.1(b).
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(b) Evaluation of the proposed approach as a function of the Deviation from

Central Case. We consider the Noise variable as 10, Ni “ 40 @i and M “ 10.

Figure 15.3: In Figure (a) we show the evaluation of the algorithm as a function
of the noise, for Deviation from Central Case equals to twenty. In Figure (b)
we study the variation of the error as a function of the Deviation from Central

Case. For each value of the evaluation variable, we consider 103 trials as described
in the text.

ering “projection lines” as described in Equation (15.2), we use

H
pCq
j,i

.“
´
hpCq
j,i ,

´
rhpCq
j,i ` e

pCq
j,i

¯
ˆ hpCq

j,i

¯
(15.4)

where vector epCq
j,i has random direction and random norm with standard de-

viation equal to the Noise variable. We vary the Noise variable from one
to ten and the results are shown in Figures 15.2(a) and 15.3(a) for the gen-
eral case and for the case where Deviation from Central Case is equal
to twenty, respectively. All the results presented in this section were ob-
tained using non-linear optimization with initial values determined using the
analytical approach.

In Figure 15.2(b) we evaluate the proposed method by varying the number
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Figure 15.4: In this figure we evaluate the convergence ratio of the non-linear
method proposed in Section 14.3. For this purpose, we vary the number of known
3D straight lines. In addition, we also consider different values for Deviation

from Central Case variable. Note that we consider the case of central camera –
Deviation from Central Case equal to zero.

of 3D lines used to compute the pose. We consider the general case and Noise

variable equal to 20.
In addition, we evaluate the proposed approach as a function of the

Deviation from Central Case variable – we vary the evaluation variable
from 80 to 10. For that purpose, we consider the Noise variable as 10. The
results are shown in Figure 15.3(b).

15.2 Convergence of the Non-Linear Method

In the previous experiments we considered the use of the non-linear opti-
mization method to refine the solutions that are obtained from the analytical
approach. To further evaluate the non-linear optimization approach defined
by Equation (14.17), we analyze its convergence by using inital values that
are randomly generated. For that purpose, we consider noiseless synthetic
data. The data-set is generated as described in the previous section. For
initial values, we consider t0 “ 03 and rotation matrix R0 computed using
random rotation angles.

We tested five different values for the variable Distance from Central

Case. The first case is thus the general case. We also consider values of 100,
50, 10 and 0. Note that when this variable is 0 we have a central camera
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(a) Five examples of the images that form the sequence. The colored curves represent the
images of known 3D line coordinates. The color of the curves correspond to the color of
the known coordinates of the 3D straight lines shown in the Figure 15.6.

(b) Since we know the localization of the non-central catadioptric camera in the world
coordinate system, we can create objects in the world and project them to the image
[ATR11]. We test the proposed pose estimation using an application of augmented reality.
The 3D generated objects are shown in Figure 15.6. In this figure, we show an example of
the proposed augmented reality for the same two images of (a).

Figure 15.5: In Figure (a) we show five examples of images taken from the non-
central catadioptric camera. The image curves marked in the images correspond
to the data set used for the computation of the pose. In Figure (b) we test the
proposed method using an application of augmented reality. The created objects
are shown in Figure 15.6.

model. In addition, we consider Ni “ 40, for all i.
For each one of these different configurations, we evaluate the non-linear

solution for different number of known 3D straight lines. The convergence
ratio was computed considering 104 trials for each number of lines. We
consider that a solution converges if the norm of the errors for the translation
and rotation parameters is smaller then 10´5.

15.3 Experiments with Real Images

For the experiments with real data, we consider a non-central calibrated
catadioptric camera made up by a perspective camera and a spherical mirror.

We consider a sequence of images taken by moving the camera through a
path in the lab. In each image, we determine eight curves that correspond to
known straight lines in the world coordinate system. Five examples of these
images are shown in Figure 15.5(a). The coordinates of the eight known 3D
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Figure 15.6: In this figure we show the reconstruction of the motion obtained from
a sequence of images taken from the non-central catadioptric camera – formed with
a perspective camera and a spherical mirror. In the graphic, we show the recovered
position of the perspective camera.

straight lines in the world coordinate system are shown by the correspondent
colors in the 3D Figure 15.6. Using the described data set and the method
proposed in this article, we estimate the pose for the sequence. The results
are shown in Figure 15.6. In this figure, we show the position and orientation
of the perspective camera of the non-central catadioptric system.

The estimation of the pose allows the determination of the localization of
the camera in the world coordinate system. Therefore and since we are using
a non-central catadioptric camera with a spherical mirror, points in the world
can be mapped into the image [ATR11]. To further evaluate the proposed
solution for the pose, we consider an application of augmented reality, with
the following objects:

• Extra 3D straight lines on the lab’s floor – represented as red lines in
Figure 15.6;

• Two 3D rectangular parallelepipeds on the chess-boards pattern, lo-
cated on the floor of the lab. These two parallelepipeds are represented
in green and blue – see Figure 15.6.

For each object, we project the points that make up the objects into the
images that form the sequence. Five examples of the application of the
augmented reality are shown in Figure 15.5(b).
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Discussion

In Section 14.1 we proposed an analytical approach to estimate the pose.
When considering general non-central cameras and from Figure 15.2(a), we
see that this method has an acceptable performance even in the case of noisy
data. However the case of central cameras is degenerate for the non-iterative
solution–see Section 14.2. The results obtained with the non-iterative ap-
proach deteriorate significantly for configurations close to the central camera
models – see Figures 15.3(a)-(b). As a result, we also derived a non-linear
optimization approach to estimate pose – Section 14.3.

From the results presented in Figures 15.2 and 15.3 one can conclude
that non-linear optimization significantly decreases the errors due to both
the noise and to configurations close to the central case. In addition, we
also evaluated the convergence ratio of the non-linear optimization method.
For the experiments whose results are presented in Figures 15.2 and 15.3
the estimates obtained using the analytical approach were used as initial
values that were further improved using the non-linear optimization method
– Section 14.3. To evaluate the convergence of the non-linear optimization
approach random values for the rotation and zero values for the translation
were used as initial estimates. Convergence ratios of up to 95% for the case
of general non-central cameras were obtained – see Figure 15.4. When the
geometry of the imaging system approaches central projection, the conver-
gence ratio decreases. However, for the central case, the convergence ratios
of up to 75% are obtained. Note that the degeneracy of central projection
does not affect the non-linear procedure as significantly as it does affect the
non-iterative solution. The main reason for that behavior it that multiple
3D lines are considered simultaneously in the problem of Equation (14.15).

In the experiments with real data – Section 15.3, we reconstructed the 3D
motion from a sequence of images taken from a non-central imaging system.
In addition, we also considered a simple example of an augmented reality
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application that validates the solution for the pose.
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Chapter 17

Conclusions

In this dissertation, we addressed the problem of the calibration and pose
of general camera models. We propose a new camera model aimed at rep-
resenting smooth cameras and its correspondent calibration procedure. The
conclusions are given in the Section 17.1.

In addition, we also considered the problem of the pose under the frame-
work of generalized camera models. We consider both the problem of the
estimation of the pose for minimal data – Section 17.2; and for non-minimal
data – Section 17.3.

17.1 Model and Calibration of Smooth Cam-
era Models

The proposed smooth camera model and calibration procedure can be used
to calibrate complex smooth camera models, namely in the case of cameras
for which no analytical model exists. Despite the fact that this model is for
smooth imaging systems, it can also be used in special cases of non–smooth
imaging systems.

This approach can model a camera with significantly less parameters than
the discrete general camera model. For the model described in this thesis,
the number of parameters does not depend on the image size. Instead of
the 7NM parameters, for an M ˆ N image, required by the discrete general
camera model, this approach only requires 6 pP ` 3q for P control points –
see the Part II for more information.

The calibration procedure only requires the 3D coordinates of a single
world point for each image point, whereas previous approaches require two
or more 3D points for each image point. On the other hand, the calibration
parameters which are estimated for a sub-set of image points are implicitly
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generalized for all image pixels, which constitutes an important advantage of
this method.

17.2 Minimal Absolute Pose Problem

In this thesis, we have presented a new homography-based formulation for
the minimal three-point pose problem for generalized cameras – where the
constraint that the projecting rays must intersect at a single points is not
considered. This method can be used to estimate the pose for imaging models
where reflection or refraction occurs. That is the case, for example, of cata-
dioptric systems made up of arbitrary mirrors; or the case of a perspective
camera looking at a water environment.

Previous approaches used algebra techniques that lead to a single variable
eighth degree polynomial and the pose estimates are given by roots of the
polynomial. The aim of the proposed methods is to compute the homography
matrix that defines the pose between the camera and world coordinate sys-
tems. The main important step consists on the estimation of the intersection
points of three quadrics.

The first step of the method proposed in this thesis consist on the estima-
tion of a three degrees of freedom solution for the estimate of the homography
matrix. Then, three constraints that enforce that the estimated matrix be-
longs to the space of the homographies are applied. To conclude, the homog-
raphy matrix is decomposed into rotation and translation parameters that
define the pose.

When compared with the state–of–the–art methods, the method proposed
in this thesis performs similarly when taking into account the numerical
errors and number of solutions. In addition, we can see that it has a similar
computational effort as the fastest state–of–the–art method.

The main contribution of the proposed approach is the robustness of the
method to critical configurations. We show that our method is significantly
more robust than the state–of–the–art algorithms.

17.3 Pose Using Lines

In addition to the minimal absolute pose, in this dissertation we also propose
a novel approach for non-minimal pose estimation for general camera mod-
els. Instead of the classical approach where correspondence between image
and 3D points are known, our method requires the correspondence between
known coordinates of 3D straight lines – in the world coordinate system, and
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pixels that correspond to their images. Our approach significantly reduces
the difficulties in the acquisition of the data set specially because it does
not require the determination of correspondences between image and world
points. In addition the method proved to be substantially robust against
noise and for a wide variety of configurations, in the difficult setting of highly
non-linear and non-central imaging systems.
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Appendix A

Unique Solution for the
Estimation of the Plücker
Coordinates Using Radial Basis
Functions

In this appendix we aim to prove the Theorem 5.1, formalized in Section 5.2.2.
To prove that, under the conditions specified, the rank of the calibration
matrix M is, in general, rank pMq “ 6P ` 17, we consider random data txiu
(coordinates of the image points) and tpiu (coordinates of the 3D points).
The goal is to prove that for these data, the probability of rank pMq ‰ 6P`17
is zero, or the probability of rank pMq “ 6P ` 17 is one.

The proof is given by Sections A.3 and A.4. In Section A.1 we give a more
detailed analysis of Radial Basis Functions. In Section A.2, we introduce the
problem. In Section A.5, we derive some required matrix results, for the
proof.

A.1 More on Radial Basis Functions

Radial Basis Functions are are frequently used in approximating functions
(f : R2 ÞÑ R) by means of least squares fitting. For the case proposed in the
thesis – Section 5.2, the interpolant is given by

s pxq “ a0 ` aT
x x `

Pÿ

i“1

wiφ p||x ´ ci||q “
”
φ pxq p pxq

ı

looooooooomooooooooon
rpxq

«
w

a

ff

loomoon
hwa

(A.1)
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In this section we describe the typical problem of finding the unknown
vector hwa for a set of interpolant conditions

s pxiq “ f pxiq , @i “ 1, . . . , P. (A.2)

For a set tciu, we define

Φ “

»

————–

φ p||x1 ´ c1||q φ p||x1 ´ c3||q . . . φ p||x1 ´ cP ||q
φ p||x2 ´ c1||q φ p||x2 ´ c3||q . . . φ p||x2 ´ cP ||q

...
...

. . .
...

φ p||xP ´ c1||q φ p||xP ´ c3||q . . . φ p||xP ´ cP ||q

fi

ffiffiffiffifl
(A.3)

where Φ P RPˆP . In [Wen05, Buh03] the authors prove that, for txi “ ciu
where i “ 1, . . . , P , Φ is conditional positive definite.

For scattered set tciu, where txi ‰ cju for i, j “ 1, . . . , P , the authors
of [QSW93, SW93] prove that Φ is conditional positive definite, where each
control point has to be associated to a data point txiu, that satisfies d ď qϵ,
where 0 ă ϵ ď 1, d “ max t||xi ´ ci||u and 2q “ minj‰i t||ci ´ cj||u. Quak

et al. [QSW93] also proved that φ1 prq “ pβ2
1 ` r2q1{2 and φ2 prq “ e´β2r

2

are
good choices for radial basis functions, because, choosing an appropriate β1

and β2, they reduce the negative effects of small values of q and ϵ respectively.
From Equation (A.1), for a set P of txiu we can write

s “
“
Φ KT

‰
looooomooooon

R

hwa (A.4)

where K P R3ˆP is the stacking of p pxiq and s “
`
s px1q . . . s pxP q

˘T
.

From Equation (A.4), we have P ` 3 unknowns and only P equations.
To eliminate the extra degrees of freedom, additional constraints are needed.
We use the additional constraints resulting from the conditional positive
definiteness of the space of solutions of w [Wen05]

Pÿ

i“1

wip pxq “ Kw “ 0. (A.5)

Putting all together, we write
«

s

0

ff

“

«
Φ KT

K 0

ff

loooooomoooooon
Γ

hwa (A.6)



115
Appendix A. Unique Solution for the Estimation of the Plücker
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which has only one solution when Γ P RP`3ˆP`3 is full–rank.

We want to prove that Γ is full–rank or rank pΓq “ P `3. Moreover, from
linear algebra properties, nullity pΓq “ 0 implies rank pΓq “ P ` 3. Thus,
computing the null–space of Γ, we have
«

Φ KT

K 0

ff«
v

u

ff

“ 0. (A.7)

If we prove that the only solution to Equations (A.7) implies v “ 0 and
u “ 0, then we conclude that nullity pΓq “ 0 and as a result rank pΓq “ P `3.

If v P RP and u P R3 constitutes the null-space of the matrix Γ, the
following relation must be verified

wT

«
Φ KT

K 0

ff«
v

u

ff

“ 0, (A.8)

for any vector w P RP`3. If we consider w “ pv,0q, we have

vTΦv ` vTKTu “ 0 ñ vTΦv ` pKvqT u “ 0. (A.9)

We know from Equation (A.7) that Kv “ 0. As a result, Equation (A.9) can
be rewritten such that

vTΦv “ 0. (A.10)

We know from previous statements that Φ is conditional positive definite,
which means that vTΦv ą 0 for any non–zero vector v. As a result, Equa-
tion (A.7) is only verified if v “ 0. Note that this solution does not depend
on the vector u.

Since we already proved that the vector v must be 0, from the first row
of Equation (A.7), we have

KTu “ 0. (A.11)

If the set txiu, for i “ 1, . . . , P with P ě 3, forms a full–column rank matrix
KT , rank

`
KT

˘
“ 3, Equation (A.11) is only verified for u “ 0. As a result,

we conclude that nullity pΓq “ 0 and rank pΓq “ P ` 3.
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A.2 Introduction

The goal of the appendix is to study and analyze the relationship between the
number N of point correspondences txi ÞÑ piu required for the calibration
and the rank of the calibration matrix M.

The calibration parameters are computed by estimating a non-zero vector
vec pHwaq that satisfies

»

——————————–

Q pp1q b r px1q

Q pp2q b r px2q

...

Q ppNq b r pxNq

D

fi

ffiffiffiffiffiffiffiffiffiffifl

looooooooooooomooooooooooooon
M

vec pHwaq “ 0 (A.12)

where Q ppiq is the incident relation between a point in the world pi P R3

and a line generated from an image point xi

Q ppiq “

«
ppi ´I

0T pT
i

ff

(A.13)

To have a unique solution, we must have nullity pMq “ 1 and the solution is
any element of the right null–space exept the trivial solution vec pHwaq “ 0.

A.3 Rank of matrix M

In this section, we study the relationship between the rank of matrix M
(Equation (A.12)) and the number of point–correspondences N , used in the
calibration process – Section 5.2.2.

Since permuting rows does not change the rank of a matrix, rank pAq “
C pZMq, for any permmutation matrix Z, and we can study the rank of A,
instead of M.

From Equation (A.12) and from the definition of the Kronecker product
Equation (3.4), we can find a matrix A “ ZM as Equation (A.14). where Z

is a permutation matrix, pi “
´
p

p1q
i , p

p2q
i , p

p3q
i

¯
and ri “ r pxiq, where r pxiq is
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A “

»

—————————————————————————————————–

0 ´p
p3q
1 r1 p

p2q
1 r1 r1 0 0

...
...

...
...

...
...

0 ´p
p3q
N rN p

p2q
N rN rN 0 0

p
p3q
1 r1 0 ´p

p1q
1 r1 0 r1 0

...
...

...
...

...
...

p
p3q
N rN 0 ´p

p1q
N rN 0 rN 0

´p
p2q
1 r1 p

p1q
1 r1 0 0 0 r1

...
...

...
...

...
...

´p
p2q
N rN p

p1q
N rN 0 0 0 rN

0 0 0 p
p1q
1 r1 p

p2q
1 r1 p

p3q
1 r1

...
...

...
...

...
...

0 0 0 p
p1q
N rN p

p2q
N rN p

p3q
N rN

D

fi

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffifl

(A.14)

as described in Section A.1, Equation (A.1). We define E and F as

E “

»

—————————————————————–

0 ´p
p3q
1 r1 p

p2q
1 r1 r1 0 0

...
...

...
...

...
...

0 ´p
p3q
N rN p

p2q
N rN rN 0 0

p
p3q
1 r1 0 ´p

p1q
1 r1 0 r1 0

...
...

...
...

...
...

p
p3q
N rN 0 ´p

p1q
N rN 0 rN 0

´p
p2q
1 r1 p

p1q
1 r1 0 0 0 r1

...
...

...
...

...
...

´p
p2q
N rN p

p1q
N rN 0 0 0 rN

fi

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffifl

(A.15)
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and

F “

»

———–

0 0 0 p
p1q
1 r1 p

p2q
1 r1 p

p3q
1 r1

...
...

...
...

...
...

0 0 0 p
p1q
N rN p

p2q
N rN p

p3q
N rN

fi

ffiffiffifl
(A.16)

where E P R3Nˆ6P`18, F P RNˆ6P`18 and we can rewrite A as

A “

»

—–
E

F

D

fi

ffifl . (A.17)

We can see that the rows of F are linearly dependent on the rows of E.

A.3.1 Proof that matrix M can have rank 6P ` 17

Since the rows of the F are linearly dependent on the rows of E, we ignore
the rows of F for the rest of the section. Thus, we consider the matrix
Ap1q P Rp3N`18qˆp6P`18q such that

Ap1q “ Zp1q

«
Ep1q

D

ff

(A.18)

and if we define D P R18ˆp6P`18q as

D “

»

————————–

0 ´∆1P1 ∆2P1 P1 0 0

∆1P1 0 ´∆3P1 0 P1 0

´∆2P1 ∆3P1 0 0 0 P1

0 ´∆4P2 ∆5P2 P2 0 0

∆4P2 0 ´∆6P2 0 P2 0

´∆5P2 ∆6P2 0 0 0 P2

fi

ffiffiffiffiffiffiffiffifl

(A.19)

where

P1 “
”
K1 0

ı
, P2 “

”
K2 0

ı
(A.20)

Pi P R3ˆpP`3q and K1,K2 P R3ˆP are the stacking of the set tp pxiqu for
i “ 1, . . . , P , and tp pxiqu for i “ P ` 1, . . . , 2P respectively. Matrices

∆i P R3ˆ3 are random diagonal matrices, where ξ
piq
j , for j “ 1, 2, 3 are their

diagonal elements.
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We see that Ep1q P R3Nˆp6P`18q and D P R18ˆp6P`18q. Thus, to have
rank

`
Ap1q

˘
“ 6P ` 17, we need at least N “ 2P .

For a permutation matrix Zp1q, E with N “ 2P and D as in Equa-
tion (A.19), we define Ap1q as in Equation (A.21).

We can express Ap1q as a block of pP ` 3q ˆ pP ` 3q matrices

´
Ap1q

¯T
“

»

—————————–

0 ΓT
1 T1 ´ΓT

1 D1 0 ΓT
2 T2 ´ΓT

2 D2

´ΓT
1 T1 0 ΓT

1 S1 ´ΓT
2 T2 0 ΓT

2 S2

ΓT
1 D1 ´ΓT

1 S1 0 ΓT
2 D2 ´ΓT

2 S2 0

ΓT
1 0 0 ΓT

2 0 0

0 ΓT
1 0 0 ΓT

2 0

0 0 ΓT
1 0 0 ΓT

2

fi

ffiffiffiffiffiffiffiffiffifl

(A.22)

where Di,Ti,Si P RpP`3qˆpP`3q are diagonal matrices, whose diagonal elements

are equal to respectively p
pmq
n and to corresponding elements of diagonal matrices

∆i (ξ
piq
j , with j “ 1, . . . , 3). For instance, diagonal matrix T1 is

T1 “

»

———————————–

p
p3q
1 . . . 0 0 0 0
...

. . .
...

...
...

...

0 . . . p
p3q
P 0 0 0

0 . . . 0 ξ
p1q
1 0 0

0 . . . 0 0 ξ
p1q
2 0

0 . . . 0 0 0 ξ
p1q
3

fi

ffiffiffiffiffiffiffiffiffiffiffifl

. (A.23)

Matrices Γ1 and Γ2 are

Γ1 “

«
R1

P1

ff

and Γ2 “

«
R2

P2

ff

(A.24)

where Γi P RpP`3qˆpP`3q, and

R1 “

»

——–

r1
...

rP

fi

ffiffifl and R2 “

»

——–

rP`1

...

r2P

fi

ffiffifl . (A.25)

Matrices Ri P RPˆpP`3q and P1 and P2 are as in Equation (A.20).

We assume that the conditions described in Section A.1 are met for Γ1 and
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Ap1q “

»

————————————————————————————————————————————————————————————————–

0 ´p
p3q
1 r1 p

p2q
1 r1 r1 0 0

...
...

...
...

...
...

0 ´p
p3q
P rP p

p2q
P rP rP 0 0

0 ´∆1P1 ∆2P1 P1 0 0

0 ´p
p3q
P`1rP`1 p

p2q
P`1rP`1 rP`1 0 0

...
...

...
...

...
...

0 ´p
p3q
2P r2P p

p2q
2P r2P r2P 0 0

0 ´∆4P2 ∆5P2 P2 0 0

p
p3q
1 r1 0 ´p

p1q
1 r1 0 r1 0

...
...

...
...

...
...

p
p3q
P rP 0 ´p

p1q
P rP 0 rP 0

∆1P1 0 ´∆3P1 0 P1 0

p
p3q
P`1rP`1 0 ´p

p1q
P`1rP`1 0 rP`1 0

...
...

...
...

...
...

p
p3q
2P r2P 0 ´p

p1q
2P r2P 0 r2P 0

∆4P2 0 ´∆6P2 0 P2 0

´p
p2q
1 r1 p

p1q
1 r1 0 0 0 r1

...
...

...
...

...
...

´p
p2q
P rP p

p1q
P rP 0 0 0 rP

´∆2P1 ∆3P1 0 0 0 P1

´p
p2q
P`1rP`1 p

p1q
P`1rP`1 0 0 0 rP`1

...
...

...
...

...
...

´p
p2q
2P r2P p

p1q
2P r2P 0 0 0 r2P

´∆5P2 ∆6P2 0 0 0 P2

fi

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffifl

(A.21)

where Ap1q P Rp6P`18qˆp6P`18q.



121
Appendix A. Unique Solution for the Estimation of the Plücker
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Γ2, which means that these matrices are full–rank. Let us define a matrix

N “ G1

´
Ap1q

¯T
G2 (A.26)

where

G1 “

»

——————–

`
ΓT
1

˘´1
0 . . . 0

0
`
ΓT
1

˘´1
. . . 0

...
...

. . .
...

0 0 . . .
`
ΓT
1

˘´1

fi

ffiffiffiffiffiffifl
and G2 “

»

—————————–

I 0 0 0 0 0

0 I 0 0 0 0

0 0 I 0 0 0

0 0 0 L´1 0 0

0 0 0 0 L´1 0

0 0 0 0 0 L´1

fi

ffiffiffiffiffiffiffiffiffifl

.

(A.27)

Matrices G1,G2, P Rp6P`18qˆp6P`18q are full–rank matrices and L “
`
ΓT
1

˘´1
ΓT
2 .

The pre or post–multiplication by any full–rank matrix does not change the rank
of a matrix. Thus,

rank pNq “ rank

ˆ´
Ap1q

¯T
˙

and rank
´
Ap1q

¯
“ rank

ˆ´
Ap1q

¯T
˙

(A.28)

From Section 3.1, we can see that rank pNq ` nullity pNq “ 6P ` 18. Thus, if
we want rank

`
Ap1q

˘
“ rank pNq “ 6P ` 17, we must have nullity pNq “ 1. As a

result, we need to prove that the nullity of N is one, where N is

N “

»

—————————–

0 T1 ´D1 0 LT2L´1 ´LD2L´1

´T1 0 S1 ´LT2L´1 0 LS2L´1

D1 ´S1 0 LD2L´1 ´LS2L´1 0

I 0 0 I 0 0

0 I 0 0 I 0

0 0 I 0 0 I

fi

ffiffiffiffiffiffiffiffiffifl

, (A.29)

which means that Nv “ 0 must have a one dimensional subspace of solutions. We
consider that v “ pv1, . . . ,v6q P Rp6P`18q where vi P RpP`3q. From the three last
rows of Equation (A.29), we see that the null–space of N must verify

v1 “ ´v4 (A.30)

v2 “ ´v5 (A.31)

v3 “ ´v6. (A.32)

Getting the second, fifth and sixth row of equations of matrix N and the
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third, fifth and sixth row of equations of matrix N respectively, we can define the
following constraints

»

—–

´T1 0 S1

0 I 0

0 0 I

fi

ffifl

»

—–

v1

v2

v3

fi

ffifl “ ´

»

—–

´LT2L´1 0 LS2L´1

0 I 0

0 0 I

fi

ffifl

»

—–

v4

v5

v6

fi

ffifl (A.33)

and
»

—–

D1 ´S1 0

0 I 0

0 0 I

fi

ffifl

»

—–

v1

v2

v3

fi

ffifl “ ´

»

—–

LD2L´1 ´LS2L´1 0

0 I 0

0 0 I

fi

ffifl

»

—–

v4

v5

v6

fi

ffifl . (A.34)

If the diagonal elements of D1 and T1 are different from zero, we can define
matrices B and C as
»

—–

v1

v2

v3

fi

ffifl “ B

»

—–

v4

v5

v6

fi

ffifl ,

»

—–

v1

v2

v3

fi

ffifl “ C

»

—–

v4

v5

v6

fi

ffifl . (A.35)

Using Appendix A.5.2, we obtain B and C such that

B “ ´

»

—–

´T1 0 S1

0 I 0

0 0 I

fi

ffifl

´1 »

—–

´LT2L´1 0 LS2L´1

0 I 0

0 0 I

fi

ffifl “

´

»

—–

´T´1
1 0 T´1

1 S1

0 I 0

0 0 I

fi

ffifl

»

—–

´LT2L´1 0 LS2L´1

0 I 0

0 0 I

fi

ffifl (A.36)

and

C “ ´

»

—–

D1 ´S1 0

0 I 0

0 0 I

fi

ffifl

´1 »

—–

LD2L´1 ´LS2L´1 0

0 I 0

0 0 I

fi

ffifl “

´

»

—–

D´1
1 D´1

1 S1 0

0 I 0

0 0 I

fi

ffifl

»

—–

LD2L´1 ´LS2L´1 0

0 I 0

0 0 I

fi

ffifl (A.37)
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Developing the multiplication we get

B “ ´

»

—–

T´1
1 LT2L´1 0 ´T´1

1 LS2L´1 ` T´1
1 S1

0 I 0

0 0 I

fi

ffifl (A.38)

C “ ´

»

—–

D´1
1 LD2L´1 ´D´1

1 LS2L´1 ` D´1
1 S1 0

0 I 0

0 0 I

fi

ffifl (A.39)

From linear algebra properties, the sets of eigenvalues of B and C are respec-
tively

λ pBq “ λ
`
´T´1

1 LT2L
´1

˘
Y λ p´Iq Y λ p´Iq (A.40)

and

λ pCq “ λ
`
´D´1

1 LD2L
´1

˘
Y λ p´Iq Y λ p´Iq (A.41)

We define ΣB,ΣC as diagonal matrices, whose diagonal elements are the eigen-
values of B and C respectively

ΣB “

»

—–

Σ´T´1

1
LT2L´1 0 0

0 ´I 0

0 0 ´I

fi

ffifl and ΣC “

»

—–

Σ´D´1

1
LD2L´1 0 0

0 ´I 0

0 0 ´I

fi

ffifl .

(A.42)

We can see that the solutions for Equations (A.33) that verify Equa-
tions (A.30), (A.30) and (A.32), are defined by the eigenvectors, that correspond
to the eigenvalues λ pBq that are equal to ´1. On the other hand, solutions for
Equations (A.34) that verify Equations (A.30), (A.30) and (A.32), are defined by
the eigenvectors, that correspond to the eigenvalues λ pCq that are equal to ´1.

If we consider that Ti and Di are random matrices, we can conclude that the
probability of λ

`
T´1

1 LT2L´1
˘

X λ p´Iq “ ∅ and λ
`
D´1

1 LD2L´1
˘

X λ p´Iq “ ∅

is equal to one.

From Appendix A.5.3, we conclude that the matrices that correspond to the
stacking of eigenvectors (eigenvectors matrices), V and U (B “ VΣBV´1 and
C “ UΣCU´1) have the form

V “

»

——–

Vp1q 0 Vp2q

0 Vp3q 0

0 0 Vp4q

fi

ffiffifl and U “

»

——–

Up1q Up2q 0

0 Up3q 0

0 0 Up4q

fi

ffiffifl (A.43)
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where V,U P Rp3P`9qˆp3P`9q.

Since we are only interested in eigenvectors associated to eigenvalues equal to
´1, we only consider the subspaces generated from matrices

qV “

»

——–

0 Vp2q

Vp3q 0

0 Vp4q

fi

ffiffifl and qU “

»

——–

Up2q 0

Up3q 0

0 Up4q

fi

ffiffifl (A.44)

where qV, qU P Rp3P`9qˆp2P`6q.

However, we want solutions that verify Nv “ 0, which means that they must
belong to both qV and qU subspaces. As a result, solutions must belong to the
intersection of subspaces defined by qV and qU.

From Appendix A.5.3 and Appendix A.5.4, we conclude that the intersection
subspace is defined by the column space of

W “

»

—–

˚

I

K

fi

ffifl (A.45)

whereW P Rp3P`9qˆpP`3q. This means that, any linear combination ofW columns
(Wa for any a ‰ 0) is a solution for Equations (A.35) that verifies Equation (A.30),
(A.31) and (A.32) where

v “ p˚,a,Ka, ˚,´a,´Kaq (A.46)

for any vector a P RP`3 different from zero.

However, from the first row of equations of N, Equation (A.46) must verify

T1v2 ` LT2L
´1v5 “ D1v3 ` LD2L

´1v6, (A.47)

which from Equation (A.46) is equal to

`
T1 ´ LT2L

´1
˘

looooooooomooooooooon
FpT1,2q

a “
`
D1 ´ LD2L

´1
˘

looooooooomooooooooon
FpD1,2q

Ka. (A.48)

From Section A.5.1, the previous assumptions that λ
`
T´1

1 LT2L´1
˘

Xλ p´Iq “
∅ and λ

`
D´1

1 LD2L´1
˘

Xλ p´Iq “ ∅ and assuming that S1,S2 are random matri-
ces which implies that the probability of λ

`
S´1
1 LS2L´1

˘
X λ p´Iq “ ∅ is one, we

see that rank pF pT1,2qq “ P ` 3, rank pF pD1,2qq “ P ` 3 and rank pKq “ P ` 3.
Thus, the constraint corresponding to Equation (A.47) can be rewritten as

K´1F pD1,2q´1F pT1,2qa “ a. (A.49)
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As a result, we can see that the dimension of the null–space of N is equal to

the number of eigenvalues λ
´
K´1F pD1,2q´1F pT1,2q

¯
that are equal to 1.

A.3.2 The set λ
´
K´1F pD1,2q´1F pT1,2q

¯

In the previous section, we saw that rank
`
Ap1q

˘
“ rank pNq. On the other

hand, we see that the nullity pNq is equal to the number of eigenvalues

λ
´
K´1F pD1,2q´1F pT1,2q

¯
X λ pIq and, since N is a square matrix, we know

that 6P ` 18 “ rank pNq ` nullity pNq. As a result, rank pNq “ 6P ` 17, implies

nullity pNq “ 1, which means that λ
´
K´1F pD1,2q´1F pT1,2q

¯
must have one

eigenvalue equal to 1.
For completely random matrices Γi, it is expected that the number of eigen-

values λ
´
K´1F pD1,2q´1F pT1,2q

¯
X λ pIq “ ∅. However, we intentionally chose

matrix D as in Equation (A.19). Therefore matrix D has the following rows

Y “

»

———————————–

0 ´ξ
p1q
1 ξ

p2q
1 1 0 0

ξ
p1q
1 0 ´ξ

p3q
1 0 1 0

´ξ
p2q
1 ξ

p3q
1 0 0 0 1

0 ´ξ
p4q
1 ξ

p5q
1 1 0 0

ξ
p4q
1 0 ´ξ

p6q
1 0 1 0

´ξ
p5q
1 ξ

p6q
1 0 0 0 1

fi

ffiffiffiffiffiffiffiffiffiffiffifl

(A.50)

where Y P R6ˆp6P`18q,

ξ
piq
1 “

”
ξ

piq
1 . . . ξ

piq
1 0 0 0

ı
and 1 “

”
1 . . . 1 0 0 0

ı
(A.51)

with ξ
piq
1 ,1 P R1ˆpP`3q. One concludes that rank pYq “ rank

´
qY

¯
where

qY “

»

———————————–

0 ´ξ
p1q
1 ξ

p2q
1 1 0 0

ξ
p1q
1 0 ´ξ

p3q
1 0 1 0

´ξ
p2q
1 ξ

p3q
1 0 0 0 1

0 ´ξ
p4q
1 ξ

p5q
1 1 0 0

ξ
p4q
1 0 ´ξ

p6q
1 0 1 0

´ξ
p5q
1 ξ

p6q
1 0 0 0 1

fi

ffiffiffiffiffiffiffiffiffiffiffifl

(A.52)

and rank pYq “ rank
´

qY
¯

“ 5.
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Since the rows of Y will be the columns of
`
Ap1q

˘T
, we see that by choosing

the matrix D, we ensure that rank
´`

Ap1q
˘T ¯

ď 6P ` 17, which means that we

have one eigenvector of λ
´
K´1F pD1,2q´1F pT1,2q

¯
equal to 1.

Thus, for random elements of the diagonal matrices Di,Ti,Si, we
have nullity pNq “ 1 with probability one, which implies rank

`
Ap1q

˘
“

rank
´`

Ap1q
˘T ¯

“ rank pNq “ 6P ` 17.

On the other hand when we are using matrices Di,Ti,Si whose elements are
the coordinates of points that belong to a single plane or to a 3D line, matrix
K´1F pD1,2q´1F pT1,2q (from Equation (A.49)) will have more than one eigen-
value equal to one, regardless of the matrix L. This will imply nullity pNq ą 1
and, as a result, rank pNq ă 6P ` 17.

A.4 Conclusions

To obtain the rank of the matrix M we write

M “ Zp2qAp2q (A.53)

where the matrix Ap2q is as

Ap2q “

˜
Ap1q

F

¸

(A.54)

and Ap1q is as in Equation (A.21) and Zp2q is a permutation matrix.

In Section A.3, we saw that each of the rows of F is linearly dependent on the
rows of E, which are included in matrix Ap1q. Thus, we can write rank

`
Ap2q

˘
“

rank
`
Ap1q

˘
“ 6P ` 17. To conclude and since the permutation of rows does not

change the rank of a matrix, we can write rank pMq “ rank
`
Ap2q

˘
“ 6P ` 17.

A.5 Some Matrix Results

A.5.1 Rank of D1 ´ LD2L´1

Considering diagonal full–rank matrices D1,D2 P RPˆP and a generic full–rank
L P RPˆP . If we write a matrix M P R2Pˆ2P as

M “

«
I 0

LD1L´1 ´LD1L´1 ` D2

ff

, (A.55)
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we see that rank pMq “ rank pIq ` rank
`
´LD1L´1 ` D2

˘
. If we post–multiply M

by any non–singular matrix, the rank of the resulting matrix will be the same as
the rank of M. As a result, we define

N “ M

«
I I

0 I

ff

(A.56)

where rank pNq “ rank pMq and

N “

«
I I

LD1L´1 D2

ff

. (A.57)

We can see that the null–space of N must satisfy

«
I I

LD1L´1 D2

ff«
v1

v2

ff

“ 0, (A.58)

which can be rewritten as
#

v1 “ ´v2

´D´1
2 LD1L´1v1 “ v2

(A.59)

and nullity pNq “ n, where n is the number of eigenvalues of ´D´1
2 LD1L´1 equal

to one.

If there are no eigenvalues equal to one, then nullity pNq “ 0, which implies
nullity pMq “ nullity pNq “ 2P and rank

`
´LD1L´1 ` D2

˘
“ P .

A.5.2 Inverse of Matrices

In this section we describe how to get the inverses of the matrix

A “

»

—–

A1 0 A2

0 A3 0

0 0 A4

fi

ffifl (A.60)

where A is full–rank. The inverse must satisfy A´1A “ I, thus

»

—–

X1 X2 X3

X4 X5 X6

X7 X8 X9

fi

ffifl

»

—–

A1 0 A2

0 A3 0

0 0 A4

fi

ffifl “

»

—–

I 0 0

0 I 0

0 0 I

fi

ffifl . (A.61)
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We define the three next systems

$
’&

’%

X1A1 “ I

X4A1 “ 0

X7A1 “ 0

,

$
’&

’%

X2A3 “ 0

X5A3 “ I

X8A3 “ 0

and

$
’&

’%

X1A2 ` X3A4 “ 0

X4A2 ` X6A4 “ 0

X7A2 ` X9A4 “ I

. (A.62)

From the first system and since A1 must be full-rank, we get X7 “ X4 “ 0 and
X1 “ A´1

1 . From the second system, we get X2 “ X8 “ 0 and X5 “ A´1
3 . Since

X4 “ X7 “ 0, we can rewrite the third system as

$
’&

’%

X1A2 ` X3A4 “ 0 ùñ X3 “ ´A´1
1 A2A

´1
4

X6A4 “ 0

X9A4 “ I

(A.63)

and we can write X6 “ 0 and X9 “ A´1
4 . Putting all together we write

A´1 “

»

—–

A´1
1 0 ´A´1

1 A2A
´1
4

0 A´1
3 0

0 0 A´1
4

fi

ffifl . (A.64)

Using the same method, we can prove that

B´1 “

»

—–

B1 B2 0

0 B3 0

0 0 B4

fi

ffifl

´1

“

»

—–

B´1
1 ´B´1

1 B2B
´1
3 0

0 B´1
3 0

0 0 B´1
4

fi

ffifl . (A.65)

A.5.3 Eigenvector Matrices

Suppose we want to know the structure of the eigenvector matrix (let us call it
VA) of a matrix

A “

»

—–

A1 0 A2

0 ´I 0

0 0 ´I

fi

ffifl (A.66)

where A is full–rank. We know that VA must satisfy AVA “ VAΣA, where ΣA

is a diagonal matrix whose diagonal elements are λ pAq. λ pAq represents the set
of all eigenvalues of the matrix A.

It is well known from linear algebra that the eigenvalues of a block triangular
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matrix are the union of of the eigenvalues of the diagonal submatrices, such that

K “

»

————–

K1 ˚ . . . ˚

0 K2 . . . ˚
...

...
. . .

...

0 0 . . . KN

fi

ffiffiffiffifl
(A.67)

implies λ pKq “ λ pK1qYλ pK2qY¨ ¨ ¨Yλ pKN q, for matricesKi with any dimension.

As a result, from Equation (A.66), we have λ pAq “ λ pA1q Y λ p´Iq Y λ p´Iq.
Thus, we write

»

—–

A1 0 A2

0 ´I 0

0 0 ´I

fi

ffifl

»

—–

X1 X2 X3

X4 X5 X6

X7 X8 X9

fi

ffifl “

»

—–

X1 X2 X3

X4 X5 X6

X7 X8 X9

fi

ffifl

»

—–

ΣA1
0 0

0 Σ´I 0

0 0 Σ´I

fi

ffifl .

(A.68)

Using this representation we define the system

$
’&

’%

A1X1 ` A2X7 “ X1ΣA1

´X4 “ X4ΣA1

´X7 “ X7ΣA1

. (A.69)

If we consider that matrix A1 is a random matrix, the probability of λ pA1q X
λ p´Iq “ ∅ is equal to one, which from Equation (A.69) implies that X4 “ X7 “ 0
and as a result X1 “ VA1

, where VA1
is the eigenvector matrix of A1.

The remaining equations from Equation (A.68) must verify

$
’&

’%

A1X2 ` A2X8 “ ´X2

´X5 “ ´X5

´X8 “ ´X8

and

$
’&

’%

A1X3 ` A2X9 “ ´X3

´X6 “ ´X6

´X9 “ ´X9

. (A.70)

We are interested in the subspace of eigenvectors. Thus, we can define a set of
eigenvector basis where X8 “ X6 “ 0 and X5 “ X9 “ I. Developing the system
of equations, we get

VA “

»

—–

VA1
0 p´I ´ A1q´1A2

0 I 0

0 0 I

fi

ffifl . (A.71)
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If we apply the same method to the matrix

B “

»

—–

B1 B2 0

0 ´I 0

0 0 ´I

fi

ffifl (A.72)

and considering that B1 is a random matrix (λ pB1q X λ p´Iq “ ∅), we get

VB “

»

—–

VB1
p´I ´ B1q´1B2 0

0 I 0

0 0 I

fi

ffifl . (A.73)

A.5.4 Intersection Subspace

In this section, we study the intersection subspace between eigenvector matrices
VA of Equation (A.71) and VB of Equation (A.73), that correspond to eigenvalues
equal to minus one.

Since we are only interested in the eigenvectors that correspond to eigenvalues
equal to minus one, from Appendix A.5.3, we can define

qVA “

»

—–

0 p´I ´ A1q´1A2

I 0

0 I

fi

ffifl and qVB “

»

—–

p´I ´ B1q´1B2 0

I 0

0 I

fi

ffifl , (A.74)

and the basis for the intersection subspace can be obtained from the solution of
the following Equation

»

—–

0 A´1
3 A2 B´1

3 B2

I 0 I

0 I 0

fi

ffifl

loooooooooooooooomoooooooooooooooon
M

»

—–

X1

X2

X3

fi

ffifl “

»

—–

0

0

X4

fi

ffifl (A.75)

where M is full-rank, A3 “ ´I ´ A1 and B3 “ ´I ´ B1. Note that A1 and B1

are random matrices which means that the probability of λ pA1q X λ pIq “ ∅ and
λ pB1q X λ pIq “ ∅ is one and, from Appendix A.5.1, we know that A3 and B3

have inverses.
The subspace of solution for Equation (A.75) can be defined as

$
’’’&

’’’%

X1 “ ´K

X3 “ K

X2 “ ´A´1
2 A3B

´1
3 B2K

X4 “ ´A´1
2 A3B

´1
3 B2K

, (A.76)
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for any non–singular matrix K.
We are interested in defining the basis for the intersection subspace. Thus, we

can write K “ I and
$
’’’&

’’’%

X1 “ ´I

X3 “ I

X2 “ ´A´1
2 A3B

´1
3 B2

X4 “ ´A´1
2 A3B

´1
3 B2

. (A.77)

Using X1 and X2 we can determine the intersection subspace from

»

—–

0 A´1
3 A2

I 0

0 I

fi

ffifl

«
X1

X2

ff

“

»

—–
´B´1

3 B2

´I

´A´1
2 A3B

´1
3 B2

fi

ffifl . (A.78)
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Analytical Solution for the
Null-Space of Both N and M
Matrices

For the computation of the null-space of the matrix N, let us first consider the
null pMq.

From the definition of the Kronecker product – Section 3.1, we can rewrite the
matrix M (from Equation (9.20)) as

M “

»

——–

p
pWq
1,1

pdpCq
1 p

pWq
1,2

pdpCq
1 p

pWq
1,3

pdpCq
1

p
pWq
2,1

pdpCq
2 p

pWq
2,2

pdpCq
2 p

pWq
2,3

pdpCq
2

p
pWq
3,1

pdpCq
3 p

pWq
3,2

pdpCq
3 p

pWq
3,3

pdpCq
3

fi

ffiffifl (B.1)

where p
pWq
i,j is the jth element of the vector ppWq

i .

To compute the basis for the null space, we use the fact that dpCq
i ˆ dpCq

i “ 0

and define a vector qpWq
i orthogonal to both ppWq

j and ppWq
k such that

qpWq
1 “ ppWq

2 ˆ ppWq
3 , qpWq

2 “ ppWq
1 ˆ ppWq

3 and qpWq
3 “ ppWq

1 ˆ ppWq
2 , (B.2)

From the Theorem 9.2, the null-space of M has dimension three. As a result, we
define the three basis for null pMq as

qf1 “
”
q

pWq
1,1 dpCq

1 , q
pWq
1,2 dpCq

1 , q
pWq
1,3 dpCq

1

ı
(B.3)

qf2 “
”
q

pWq
2,1 dpCq

2 , q
pWq
2,2 dpCq

2 , q
pWq
2,3 dpCq

2

ı
(B.4)

qf3 “
”
q

pWq
3,1 dpCq

3 , q
pWq
3,2 dpCq

3 , q
pWq
3,3 dpCq

3

ı
(B.5)
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where q
pWq
i,j is the jth element of the vector qpWq

i .
Let us now consider the matrix N as described in Equation (9.21). Considering

vectors qfi from Equations (B.3-B.5) as the basis for the null-space of the matrix M,

and from definition of matrix N, we can define the basis fi “
”
qfi, 0

ı
for i “ 1, 2, 3,

where fi are three basis for the null-space of N. However, since the dimension of
the null-space of N is four, there is one basis left.

From geometric properties, we know that mpCq
i “ xpCq

i ˆ dpCq
i , for any point

xpCq
i that belong to the line. As a result and considering the vector qpWq

i defined
in Equation (B.2), we derived the following vectors

f
p1q
4 “

”
qqpWq
1,1 xpCq

1 , qqpWq
1,2 xpCq

1 , qqpWq
1,3 xpCq

1 , 1
ı

(B.6)

f
p2q
4 “

”
qqpWq
2,1 xpCq

2 , qqpWq
2,2 xpCq

2 , qqpWq
2,3 xpCq

2 , 1
ı

(B.7)

f
p3q
4 “

”
qqpWq
3,1 xpCq

3 , qqpWq
3,2 xpCq

3 , qqpWq
3,3 xpCq

3 , 1
ı

(B.8)

where

qqpWq
i,j “

q
pWq
i,j

q
pWq
i,1 qppWq

i,1 ` q
pWq
i,2 qppWq

i,2 ` q
pWq
i,3 qppWq

i,3

, (B.9)

such that

Nf
p1q
4 “

»

——–

0

´mpCq
2

´mpCq
3

fi

ffiffifl , Nf
p2q
4 “

»

——–

´mpCq
1

0

´mpCq
3

fi

ffiffifl , and Nf
p3q
4 “

»

——–

´mpCq
1

´mpCq
2

0

fi

ffiffifl . (B.10)

From this result and considering the last column of the matrixN – Equations (9.21)
and (9.20), we define the last base for the null-space as Nf4 “ 0, such that

f4 “ f
p1q
4 ` f

p2q
4 ` f

p3q
4 ` r0, . . . , 0,´2sT . (B.11)

Note that the tenth element of f1, f2 f3 and f4 are 0, 0, 0 and 1. As a result, the
null-space for the matrix N such that ξ10 “ 1, corresponds to Equation (9.23).
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Minimal Solvers

C.1 Solver for the General Case

In the algorithms proposed in thesis, the solutions for the pose problem are ob-
tained as a result of estimating the intersection points of three quadrics. From
Bézout ’s theorem [CLO04], we can conclude that we have up to eight solutions for
the intersection points pα1,α2,α3q. According to Nister et al. at [NHS07], this
problem requires a solution of a single variable polynomial equation with degree no
less than eight. As shown by Guo at [Guo12], it is possible to derive an eight de-
gree polynomial equation for the problem of Equation (9.29). It is also possible to
use conventional Methods such as Gröebner basis [Ste05, KBP08] or hidden vari-
able technique [HL12]. In this section we used a polynomial eigenvalue approach
(Kúkelová et al. at [KBP12b]) and derived a simple and very intuitive solution for
the intersection of the quadrics. We use this approach on the experiments. Note
that the aim of the thesis is not to develop a minimal solver to the probem but a
new problem formulatiom.

In this section we briefly describe the application of the eigen decomposition
method to compute the intersection points between the three quadrics. Let us
consider the system of three equations represented in Equation (9.29). If we choose
α1 as the eigenvalue, the polynomial eigenvalue as the form

`
α2
1C2 ` α1C1 ` C0

˘
v “ 0. (C.1)

Polynomial eigenvalue solvers require that the matrices Ci have square shapes.
Note that since the original problem has only three equations and the size of the
vector v is six, we can not get square matrices Ci. We have to generate new
equations as a polynomial combination of the original ones (resultant–based meth-
ods), to ensure that the coefficient matrices Ci have square shape. We generate
new constraints multiplying the constraints gi,j pα1,α2,α3q “ 0 by the monomials␣
α2
2,α

2
3,α2α3,α2,α3, 1

(
.
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After the generation of the new constraints, we get v P R15 such that

v “
“
α4
2,α

3
2α3,α2α

3
3,α

2
2α

2
3,α

4
3,α

3
2,α

2
2α3,α2α

2
3,α

3
3,α

2
2,α2α3,α

2
3,α2,α3, 1

‰
(C.2)

and, from the eighteen constraints, we can find fifteen that makes C0,C1,C2 P
R15ˆ15 such that matrix C0 will be non–singular. As a result, the polynomial
eigenvalue problem of Equation (C.1) can be rewritten as a standard eigen decom-
position problem Cqv “ qα1qv, where qα1 “ α´1

1 and matrix C P R30ˆ30 and vector
qv P R30 are

C “

«
0 I

´C´1
0 C2 ´C´1

0 C1

ff

, qv “

«
v

qα1v

ff

. (C.3)

To conclude, the solution for the unknowns pα1,α2,α3q that verifies Equa-
tion (9.29) can be given by the eigen decomposition of matrix C where: α1 is
given by the inverse of the eigenvalue of C and the corresponding α2 and α3 are
given by the thirteenth and fourteenth element of the corresponding eigenvector.

Note that from the size of matrix C there will be thirty eigenvalues. However,
we can see that there will be sixteen columns of matrices ´C´1

0 C2 and ´C´1
0 C1

equal to zero. These columns will generate zero eigenvalues, which can not be
used since the value of α1 will be the inverse of each eigenvalue. Thus, we can be
eliminate these columns, as well as the corresponding rows, resulting in an 14ˆ14
matrix. Additional zero and complex eigenvalues are also generated and have to
be eliminated, which will result in up to eight real solutions.

C.2 Solver for Central Camera Models

In Section 9.2.1, we derived an algorithm for the minimal pose problem for central
cameras. The algorithm requires the estimation of the intersection points between
three special quadrics. In this section we describe the closed-form method that we
used to solve this problem.

Let us consider the problem defined by Equations (9.35) and (9.34). We can
see that the three constraints gi,j prα1, rα2, rα3q “ 0 have only one monomial with
the unknown rα3, which is the monomial rα2

3.

We use the equation g2,3 prα1, rα2, rα3q to find the solution for rα3, such that

rα3 “ ˘Φ1rrα1, rα2s1{2 (C.4)

where Φ1rrα1, rα2s represents a polynomial equation with unknowns rα1 and rα2 with
degree two.

Now, we can substitute rα2
3 on constraints g1,2 prα1, rα2, rα3q and g1,3 prα1, rα2, rα3q
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using Equation (C.4). Thus, we derive two constraints of the form

rg1,2 prα1, rα2q “ Φ2rrα1, rα2s and rg1,3 prα1, rα2q “ Φ3rrα1, rα2s (C.5)

where both Φ2rrα1, rα2s and Φ3rrα1, rα2s have degree two.
Let us consider the constraint rg1,3 prα1, rα2q “ 0. If we solve in terms of rα2, we

get

rα2 “ φ
´
Φ4rrα1s ˘ Γrrα1s1{2

¯
(C.6)

where: φ is a constant; and Φ4rrα1s and Γrrα1s are polynomial equations with degree
one and two respectively.

To conclude, replacing rα2 defined at Equation (C.6) on the first constraint
rg1,2 prα1, rα2q “ 0, we derive the fllowing equations

Φ5rrα1s ˘ Φ6rrα1sΓrrα1s1{2 “ 0 ñ Φ5rrα1s “ ¯Φ6rrα1sΓrrα1s1{2. (C.7)

The degrees of the polynomial equations Φ5rrα1s and Φ6rrα1s are respectively two
and one. Squaring both sides of the Equation (C.7) we get

Φ5rrα1s2 “ Φ6rrα1s2Γrrα1s ñ Φ7rrα1s “ Φ5rrα1s2 ´ Φ6rrα1s2Γrrα1s “ 0 (C.8)

where polynomial equation Φ7rrα1s has degree four.
Thus, to find the solutions for the unknown rα1 that solve the problem defined

in Equation (9.35), we just need to find the roots of the four degree polynomial
equation Φ7rrα1s, which can be solved in closed-form (eg. using the Ferrari’s tech-
nique for solving the general quartic roots). For each real solution for rα1 we get
rα2 using Equation (C.6) – from the two possible solutions, we choose the one that
verifies rg1,2 prα1, rα2q “ rg1,3 prα1, rα2q “ 0. For the set of possible solutions for rα1 and
rα2 compute rα3, using Equation (C.4). Note that for each set of rα1 and rα2 we have
two possible solution for rα3, which means that we will have up to eight solutions
for trα1, rα2, rα3u.
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Proof of Theorems and
Propositions

In Sections 9.1 and 9.2, some theorems and proposition were presented without
proofs. In this appendix we derive these proofs.

D.1 proof of the Theorem 9.1

The proof for this theorem is divided into three lemmas.

Lemma D.1. For a given homography matrix, H P H (Proposition 9.1), and a
known plane with coordinates ΠpWq

R
.
“

`
´ζpWq,πpWq

˘
P R4 (where, without loss

of generality,
ˇ̌
πpWq

ˇ̌
“ 1), if the singular values of H verify σ2

1 ą 1 ą σ2
3, its

decomposition into a rotation and a translation, R P SO p3q and t P R3, has a
unique solution.

Proof. Let us consider the decomposition of the homography described in Equa-
tions (9.12) and (9.13), Section 9.1.

Since the plane coordinates ζpWq and πpWq are known, the estimates qπpWq
i

can be compared against the real value for πpWq and as a result the real solution

selected. Therefore, to have more than one solution for R and t, qπpWq
i “ qπpWq

j

must exist for for some i ‰ j.

We are dealing with vectors qπpWq
i whose norms are equal to one. As a result,

to have qπpWq
i “ qπpWq

j , their inner product qπpWq
i ¨ qπpWq

j must be equal to one. Using

the Binet–Cauchy identity1 and since v2 ¨ u1 “ v2 ¨ u2 “ 0, we can define the

1Binet–Cauchy identity – pa ˆ bq¨pc ˆ dq “ pa ¨ cq pb ¨ dq´pa ¨ dq pb ¨ cq for a,b, c,d P
R3

137
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several hypothesis qπpWq
i ¨ qπpWq

j as

qπpWq
1 ¨ qπpWq

2 “ u1 ¨ u2 (D.1)

qπpWq
1 ¨ qπpWq

3 “ ´1 (D.2)

qπpWq
1 ¨ qπpWq

4 “ ´u1 ¨ u2 (D.3)

qπpWq
2 ¨ qπpWq

3 “ ´u1 ¨ u2 (D.4)

qπpWq
2 ¨ qπpWq

4 “ ´1 (D.5)

qπpWq
3 ¨ qπpWq

4 “ u1 ¨ u2. (D.6)

The vectors u1 and u2 were derived in Equations (9.6) and (9.7).

From Equations (D.1-D.6), we can eliminate the hypotheses qπpWq
1 ¨ qπpWq

3 and

qπpWq
2 ¨ qπpWq

4 because their inner products are always equal to minus one. The other
hypotheses are ˘u1 ¨ u2. Expanding this inner product by using Equations (9.6)
and (9.7), we get

˘u1 ¨ u2 “ ˘
2 ´ σ2

3 ´ σ2
1

σ2
1 ´ σ2

3

. (D.7)

From this result, one obtains:

u1 ¨ u2 “ 1 implies σ2
1 “ 1 for any σ2

3;

u1 ¨ u2 “ ´1 implies σ2
3 “ 1 for any σ2

1.

If we consider σ2
1 ą 1 ą σ2

3, we have qπpWq
i ¨ qπpWq

j ‰ 1 for any i ‰ j which proves
the Lemma.

From the previous lemma, we proved that for σ2
1 ą 1 ą σ2

3, there will be a
single solution for the homography decomposition. However, there are other special
cases that have to be considered, namely: when σ2

1 “ 1 and σ2
3 ă 1, σ2

1 ą 1 and
σ2
3 “ 1 and σ2

1 “ σ2
3 “ 1.

Lemma D.2. Given a homography matrix, H P H, and known plane coordinates
ΠpWq

R “
`
´ζpWq,πpWq

˘
P R4 where

ˇ̌
πpWq

ˇ̌
“ 1, if the singular values of H verify

σ2
1 “ 1 and σ2

3 ă 1 or σ2
1 ą 1 and σ2

3 “ 1, its decomposition into rotation and
translation has a unique solution.

Proof. Let us consider the decomposition presented in Lemma 9.1. From Equa-
tions (9.6) and (9.7), σ2

1 “ 1 and σ2
3 ă 1 implies u1 “ u2, and as a result, from

Equations (D.1–D.6) we could have two of pairs of solutions (Solutions 1 and 2
or Solutions 3 and 4).

However, from Equations (9.8–9.11), for u1 “ u2 we have Up1q “ Up2q and
Wp1q “ Wp2q and from Equations (9.12) and (9.13), we conclude that the Solution
1 will be equal to Solution 2 and Solution 3 will be equal to Solution 4. As a
result, it is proven that for σ2

1 “ 1 and σ2
3 ă 1, we also have a single solution.
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For σ2
3 “ 1 and σ1 ą 1, we will have u1 “ ´u2, which will imply that we could

have pairs of solutions (Solutions 1 and 4 and Solutions 2 and 3). However, in

that case the product Wp1q
`
Up1q

˘T
will be equal to Wp2q

`
Up2q

˘T
and as a result

Rp1q “ Rp2q “ Rp3q “ Rp4q. From this result, we conclude that Solution 1 is
equal to solution Solution 4 and Solution 3 is equal to Solution 2 which proves
that we still have a single solution for the homography decomposition.

Lemma D.3. Given a homography matrix, H P H if the singular values of H
verify σ2

1 “ σ2
3 “ 1, its decomposition into rotation and translation has a unique

solution, which is R “ H and t “ 0.

Proof. When σ2
1 “ σ2

3 “ 1 we have Σ “ I which means that the homography
matrix corresponds to a pure rotation H P SO p3q. As a result, we can define
R “ H and t “ 0.

D.2 Proof of the Theorem 9.2

Using the definition of the kronecker product – Section 3.1, and rearranging rows
and columns, we can get a matrix Mp2q such that rank

`
Mp2q

˘
“ rank pMq (note

that the permutation of rows and columns does not change the dimension of the
column–space) and

Mp2q “

»

——–

0 ´Dp3qP Dp2qP

Dp3qP 0 ´Dp1qP

´Dp2qP Dp1qP 0

fi

ffiffifl (D.8)

where

Dpiq “

»

——–

d
p1q
i 0 0

0 d
p2q
i 0

0 0 d
p3q
i

fi

ffiffifl and P “

»

———–

ppWq
1

T

ppWq
2

T

ppWq
3

T

fi

ffiffiffifl
, (D.9)

and d
pjq
i is the ith element of the vector dpCq

j . On the other hand, matrix Mp2q can
be decomposed as

Mp2q “

»

——–

0 ´Dp3q Dp2q

Dp3q 0 ´Dp1q

´Dp2q Dp1q 0

fi

ffiffifl

loooooooooooooooooomoooooooooooooooooon
Qp1q

»

—–

P 0 0

0 P 0

0 0 P

fi

ffifl

loooooooomoooooooon
Qp2q

. (D.10)
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Qp1q “

»

——————————————————–

0 0 0 ´d
p1q
3

0 0 d
p1q
2

0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

d
p1q
3

0 0 0 0 0 ´d
p1q
1

0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

´d
p1q
2

0 0 d
p1q
1

0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

fi

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffifl

looooooooooooooooooooooooooooomooooooooooooooooooooooooooooon
Sp1q

`

»

——————————————————–

0 0 0 0 0 0 0 0 0

0 0 0 0 ´d
p2q
3

0 0 d
p2q
2

0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 d
p2q
3

0 0 0 0 0 ´d
p2q
1

0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 ´d
p2q
2

0 0 d
p2q
1

0 0 0 0

0 0 0 0 0 0 0 0 0

fi

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffifl

looooooooooooooooooooooooooooomooooooooooooooooooooooooooooon
Sp2q

`

`

»

——————————————————–

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 ´d
p3q
3

0 0 ´d
p3q
2

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 d
p3q
3

0 0 0 0 0 ´d
p3q
1

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 ´d
p3q
2

0 0 d
p3q
1

0 0 0

fi

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffifl

looooooooooooooooooooooooooooomooooooooooooooooooooooooooooon
Sp3q

(D.11)

Since we are considering that the points in the world
!
ppWq
i

)
define a plane that

does not pass through the origin, we conclude that rank pPq “ 3 and as a result
rank

`
Qp2q

˘
“ 9. Since the dimension of the column–space of Qp2q is equal to the

number of rows, one can conclude that rank
`
Mp2q

˘
“ rank

`
Qp1q

˘
.

In addition, we can decompose Qp1q into Qp1q “ Sp1q ` Sp2q ` Sp3q as it is
shown in Equation (D.11). Since matrices Spiq (for i “ 1, 2, 3) represent orthogonal
subspaces [Str80], we can write Spiq X Spjq “ tu for i ‰ j and, as a result,

rank
´
Qp1q

¯
“

3ÿ

i“1

rank
´
Spiq

¯
. (D.12)

Moreover and eliminating zero rows and columns of each matrix Spiq, we can

see that rank
`
Spiq

˘
“ rank

´
pdpCq
i

¯
, and as a result

rank
´
Qp1q

¯
“

3ÿ

i“1

rank
´

pdpCq
i

¯
. (D.13)

Since dpCq
i are non–zero vectors, we can conclude that rank

´
pdpCq
i

¯
“ 2, for all i,

and as a result rank
`
Qp1q

˘
“ 6.
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To conclude, rank
`
Qp1q

˘
“ 6 implies rank

`
Mp2q

˘
“ 6 and as a result

rank pMq “ 6, which proves the theorem.

D.3 Proof of the Proposition 9.2

From the definition, a matrix qH P R3ˆ3 represents a rigid transformation for points
in ΠpWq if it preserves the distance between points on that plane. As a result, qH
only defines a rigid transformation if qpWq

i,j

T
qpWq
i,j “ qpWq

i,j

T qHT qHqpWq
i,j holds, where

ppWq
i ,ppWq

j are any two points that belong to ΠpWq. For any ppWq
i ,ppWq

j P ΠpWq

and

qpWq
i,j P S2 .

“ ppWq
i ´ ppWq

j (D.14)

where S2 is a two dimensional vector subspace. Let us consider three points ppWq
1 ,

ppWq
2 and ppWq

3 that define the plane ΠpWq. Using these points, we can define

qpWq
1,2 and qpWq

1,3 and since qH must represent a rigid transformation, the following
conditions must hold

qpWq
1,2

T
qpWq
1,2 “ qpWq

1,2

T qHT qHqpWq
1,2 (D.15)

qpWq
1,3

T
qpWq
1,3 “ qpWq

1,3

T qHT qHqpWq
1,3 . (D.16)

In addition qH must define a rigid transformation for any vector qpWq P S2 so
that

qpWq T qpWq “ qpWq T qHT qHqpWq. (D.17)

If qH defines a rigid transformation for points that belong to the plane ΠpWq, it
also verifies the Proposition 1, which means qH P H.

Let us consider that qpWq
1,2 ,qpWq

1,3 P S2 are linearly independent vectors (which

they are necessarily). As a result, any qpWq P S2 can be defined as a linear

combination of these vectors, qpWq .
“ λqpWq

1,2 ` βqpWq
1,3 , for λ,β P R. Using this

representation, we can rewrite Equation (D.17) as

λ2 qpWq
1,2

T
qpWq
1,2 ` β2 qpWq

1,3

T
qpWq
1,3 ` 2λβ qpWq

1,2

T
qpWq
1,3 “

λ2 qpWq
1,2

T qHT qHqpWq
1,2 ` β2 qpWq

1,3

T qHT qHqpWq
1,3 ` 2λβ qpWq

1,2

T qHT qHqpWq
1,3 (D.18)

and since the condition of Equations (D.15) and (D.16) must hold, we can rewrite
this equation as

qpWq
1,2

T
qpWq
1,3 “ qpWq

1,2

T qHT qHqpWq
1,3 . (D.19)
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If this constraint is satisfied, Equation (D.17) holds and as a result, qH defines a
rigid transformation for all points that belong to the plane ΠpWq which proves the
proposition.

If we use qpWq
23 , which is a linear combination of qpWq

1,2 and qpWq
1,3 , constraint

qpWq
2,3

T
qpWq
23 “ qpWq

2,3

T qHT qHqpWq
2,3 holds only if Equation (D.19) is satisfied. As

a result, a matrix qH P R3ˆ3 that satisfies qpWq
i,j

T
qpWq
i,j “ qpWq

i,j

T qHT qHqpWq
i,j for

pi, jq “ tp1, 2q , p1, 3q , p2, 3qu defines a rigid transformation for points belonging to
plane ΠpWq which proves the proposition.
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